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SUMMARY 

This report documents the derivation and definition of a linear aircraft model for a rigid aircraft of constant 

mass flying over a flat, nonrotating earth. The derivation makes no assumptions of reference trajectory or 

vehicle symmetry. The linear system equations are derived and evaluated along a general trajectory and 

include both aircraft dynamics and observation variables. 

INTRODUCTION 

The need for linear models of aircraft for the analysis of vehicle dynamics and control law design is well 

known. These models are widely used, not only for computer applications but also for quick approximations 

and desk calculations. Whereas the use of these models is well understood and well documented, their 

derivation is not. The lack of documentation and, occasionally, understanding of the derivation of linear 

models is a hindrance to communication, training, and application. 

This report details the development of the linear model of a rigid aircraft of constant mass, flying over a 

flat, nonrotating earth. This model consists of a state equation and an observation (or measurement) equa- 

tion. The system equations have been broadly formulated to accommodate a wide variety of applications. 

The linear state equation is derived from the nonlinear six-degree-of-freedom equations of motion. The 

linear observation equation is derived from a collection of nonlinear equations representing state variables, 

time derivatives of state variables, control inputs, and flightpath, air data, and other parameters. The linear 

model is developed about a nominal trajectory that is general. 

Whereas it is common to assume symmetric aerodynamics and mass distribution, or a straight and level 

trajectory, or both (Clancy, 1975; Dommasch and others, 1967; Etkin, 1972; McRuer and others, 1973; 

Northrop Aircraft, 1952; Thelander, 1965), these assumptions limit the generality of the linear model. The 

principal contribution of this report is a solution of the general problem of deriving a linear model of a rigid 

aircraft without making these simplifying assumptions. By defining the initial conditions (of the nominal 

trajectory) for straight and level flight and setting the asymmetric aerodynamic and inertia terms to zero, 

one can easily obtain the more traditional linear models from the linear model derived in this report. 

Another significant contribution of this report is the derivation and definition of a linear observation 

(measurement) model. The observation model is often entirely neglected in standard texts. A thorough 

treatment of common aircraft measurements is presented by Gainer and Hoffman (1972), and Gracey (1980) 
provides a detailed discussion of speed and altitude measurements. However, neither of these references 

present linear models of these measurements. This report relies heavily on these two references and uses their 

results as one of the bases for the nonlinear measurement equations from which the linear measurement 

model is derived. Also included in this report is a large number of other measurements or variables for 
observation that have been found to be useful in vehicle analysis and control law design. 

Duke and others (1987) describe a FORTRAN program called LINEAR that derives a linear aircraft 
model by numerical differencing (Dieudonne, 1978). The program LINEAR produces a linear aircraft model 
(both state and observation matrices) that is equivalent to the linear models defined in this report. 

This report is divided into two main sections that define the reference systems and nonlinear state and 

observation equations (section 1) and derive a linear model presented in the appendixes (section 2). The 
appendixes contain a definition of the linear aerodynamic model used in this report (app. A), a derivation 

of the wind axis translational acceleration parameters (app. B), generalized linear derivatives of the non- 

linear state and observation equations (app. C), and the individual derivatives of the state and observation 

equations (app. D). The details of the principal results of this report are presented in appendix D.
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total aerodynamic axial force, lb 

speed of sound, ft/sec 

normal accelerometer output, g 

output of normal accelerometer not at vehicle center of gravity, g 

output of accelerometer aligned with vehicle body z axis, g 

output of accelerometer aligned with body z axis, not at vehicle center of gravity, g 

kinematic acceleration in vehicle body x axis, g 

output of accelerometer aligned with vehicle body y axis, g 
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kinematic acceleration in the vehicle body y axis, g 

output of accelerometer aligned with vehicle body z axis, g 
output of accelerometer aligned with body z axis, not at vehicle center of gravity, g 
kinematic acceleration in vehicle body z axis, g 

reference span, ft 

generalized force or moment coefficient 
derivative of generalized force or moment coefficient with respect to arbitrary variable z 
reference aerodynamic chord, ft 

total aerodynamic drag, lb 

I, —Iy 
I, - Iz 
I, - Iz 
specific energy, ft 

arbitrary force or moment 

flightpath acceleration, g 

acceleration due to gravity, ft/sec? 

acceleration due to gravity at sea level, ft/sec? 
altitude, ft 

altitude measurement not at vehicle center of gravity, ft 
inertia tensor 
moment of inertia about 2 body axis, slug-ft? 

product of inertia in s—y body axis plane, slug-ft? 

product of inertia in x—z body axis plane, slug-ft? 

moment of inertia about y body axis, slug-ft? 

product of inertia in y-z body axis plane, slug-ft? 

moment of inertia about z body axis, slug-ft? 
II, — 12, 

Leyle + Lyzlez 

Ioylyz + Tylez 

I,1, — I2, 

Ty Tyz + Leylez 
I,Iy — I, 
total moment about z body axis, ft-lb; or, total aerodynamic lift, 1b 
unit length, ft 

total moment about y body axis, ft-lb; or, Mach number
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total moment about z body axis, ft-lb; or, total aerodynamic normal force, lb 

load factor 
specific power, ft/sec 

roll rate (about « body axis), rad/sec 

static or free-stream pressure, lb/ft? 
stability axis roll rate, rad/sec 

total pressure, lb/ft? 
pitch rate (about y body axis), rad/sec 

dynamic pressure, lb/ft? 

impact pressure, lb/ft? 
Mach meter calibration ratio 

stability axis pitch rate, rad/sec 

Reynolds number 

Reynolds number per unit length, ft7} 

yaw rate (about z body axis), rad/sec 

stability axis yaw rate, rad/sec 

surface area of wing, ft? 

total angular momentum; or, ambient or free-stream temperature, oR 

total temperature, °R 

time 
velocity along x body axis, ft/sec 

vehicle velocity, ft/sec 

velocity along y body axis, ft/sec 

velocity along z body axis, ft/sec 

total aerodynamic force along x body axis, lb 

total gravitational force along x body axis, lb 

total thrust force along x body axis, lb 

vehicle position along z earth axis, ft 

total aerodynamic sideforce, lb 

total aerodynamic force along y body axis, lb 

total gravitational force along y body axis, lb 

total thrust force along y body axis, lb 

vehicle position along y earth axis, ft 

total aerodynamic force along z body axis, lb 

total gravitational force along z body axis, lb 

total thrust force along z body axis, lb 

vehicle position along z earth axis, ft 

angle of attack, rad 
angle-of-attack measurement not at vehicle center of gravity, rad 

angle of sideslip, rad 

angle-of-sideslip measurement not at vehicle center of gravity, rad 

flightpath angle, rad 

ith control surface deflection 

pitch angle, rad 

coefficient of viscosity, lb/ft-sec 

density of air, lb/ft? 
arbitrary function
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Matrices 

bank angle, rad 
heading angle, rad 

body axis acceleration vector 

attitude vector of Euler angles 

total force vector 

state vector function 

observation vector function 

total angular momentum vector 
sum of higher order terms in Taylor series 

total moment vector 

position vector in earth axis system 
input or control vector 

vehicle velocity vector 

state vector 

observation vector 

perturbation of control vector 

perturbation of state vector 

perturbation of time derivative of state vector 

rotational velocity vector 

state matrix of the generalized state equation, Cx = Ax+ Bu 

state matrix of the state equation, x = A’x+ B'u 

control matrix of the generalized state equation, Ck = Ax + Bu 

control matrix of the state equation, x = A’x + B’u 
system matrix of the generalized state equation, Cx = Ax+ Bu 

feedforward matrix of the generalized observation equation, y= Hx+Gx+Fu 

feedforward matrix of the observation equation, y = H’x + F’u 

derivative observation matrix of the generalized observation equation, y= Hx+Gx+ Fu 

observation matrix of the generalized observation equation, y= Hx+Gx+ Fu 

observation matrix of the observation equation, y = H'x + F’u 

intertia tensor 

scaling matrix for inertia tensor 

transformation matrix from earth to body axes 

transformation matrix from earth to body axes 

angular velocity matrix in the generalized state equation, Tx = f[x(t), x(t), u(t)] 
n X m matrix of 0 values 

an n X m matrix with values of 1 on the diagonal
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pitching moment 

yawing moment 
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power plant induced 
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thrust 

total 

vehicle-carried vertical axis system 
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T transpose 

1 NONLINEAR SYSTEM EQUATIONS 

The motion of an aircraft as a rigid body can be described by a set of six nonlinear simultaneous second- 

order differential equations. These equations, representing the translational and rotational motion of the 

vehicle, can be formulated in the notation of Kwakernaak and Sivan (1972) and Dieudonne (1978) as a 
time-invariant system expressed as 

x(t) = f[x(Z), u(2)] (1-1) 
where x(t) is the 12-dimensional time-varying state vector (t being time), x(t) is the derivative of x(t) with 

respect to time, u(t) is the k-dimensional time-varying input or control vector, and f is a 12-dimensional 

nonlinear function expressing the six-degree-of-freedom rigid body equations. 

Measurements of the vehicle state can be represented by the observation equation 

y(t) = g[x(t), u(t)] (1-2)



where y(t) is an ¢-dimensional time-varying observation vector and g is an £-dimensional nonlinear func- 

tion expressing the relationship of the true vehicle state and control vectors to the observed parameters. 
Typically, the function g characterizes the dynamics and location of the sensors. 

For the aircraft analysis and design problem, both the nonlinear and linear system equations are formu- 
lated more broadly than just described (Edwards, 1976; Maine and Iliff, 1980, 1986). The nonlinear system 
equations include x(t) terms in both the state and observation functions. In fact, in the most extended 
form the state equation is expressed in terms of transformed variables (discussed in section 1.2.1). These 

generalized equations form the basis of the analysis in this report. The generalized system equations are 

TH(t) = f[x(t), X(t), u(2)] (1-3) 
y(t) = g[x(t), (2), u(Z)] (1-4) 

where T is a constant 12 x 12 angular velocity matrix. 

1.1 Definition of Reference Systems 

While numerous reference systems are used in aerospace applications, this report is limited to four reference 
systems: the body, the wind, the vehicle-carried vertical, and the topodetic reference systems. The stability 
axes are also defined even though this reference system is used only to define the stability axis rotational 
rates (section 1.3.8). 

Within this report the translational equations are referenced to the wind axes, and the rotational 
equations are referenced to the body axes. Measurement equations are primarily referenced to the body 
axes when the use of a reference system is needed. The use of this mixed axis system definition in both 
the nonlinear and linear models is related to the measurability and meaningfulness of quantities. Because 
the aerodynamic forces act in the wind axes, this reference system is used for the translational equations. 
For instance, angle of attack, velocity, and angle of sideslip are either directly measurable or closely related 
to directly measurable quantities, while the body axis velocities (u,v, and w in the x,y, and z directions, 
respectively) are not. The body axis rotational rates are measured by sensors fixed in the body axes; wind 
axis rates can be derived only from these quantities through axis transformations. 

The first reference system to be described is the topodetic reference system, also called the earth-fixed 
reference frame (Etkin, 1972), the earth axes (Thelander, 1965), and the Eulerian axes (Northrop Aircraft, 
1952). The topodetic reference frame is considered fixed in space (and hence, inertial) with the orientation 
of the axes as shown in figure 1; the x axis is directed north, the y axis east, and the z axis down. The 
vehicle position (x and y) and altitude (h) are measured from the origin of this reference system. 

The vehicle-carried vertical axis system (fig. 2; Etkin, 1972) has its origin at the center of gravity of the 
vehicle. The zy axis is directed north, the y, axis east, and the z, axis down. This axis system is obtained 
by a translation of the topodetic axis system to the vehicle center of gravity. The attitude of the aircraft 
(heading, pitch, and bank angles 7, 6, and 4, respectively) is described in terms of the orientation of the 
aircraft body axes with respect to the vehicle-carried vertical axes. 

The origin of the body axis system (fig. 3) is the vehicle center of gravity. The x axis is directed toward 
the nose of the aircraft, the y axis toward the right wing, and the z axis toward the bottom of the aircraft. 
The specific orientation of the actual body axes relative to the vehicle body is somewhat arbitrary. For 
symmetrical aircraft, the x and z axes are in the plane of symmetry; for asymmetrical aircraft, these axes 
are located in a plane approximating what would be the plane of symmetry. The positive direction for the 
body axis rates (roll, pitch, and yaw rates, p, qg, and r, respectively), the body axis velocities (u, v, and w), 
and the body axis moments (L, M, and N about the z, y, and z axes, respectively) are shown in figure 3. 
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The relationship between the vehicle-carried vertical and body axes is shown in figure 4. The Euler 
angles (7%, 8, and @) define the orientation of the body axes with respect to the vehicle-carried vertical 
axes. The rotations required to transform the vehicle-carried vertical axes to the body axes are shown in 
figure 5. The heading angle ~ is a rotation about the z vehicle-carried vertical axis into a new axis system 
(designated (21, y1, 21) in fig. 5); the pitch attitude @ is a rotation about the y; axis into the (22, Y2, 22) 
axes system; the roll attitude ¢ is a rotation about the y2 axis into the body axes. 

Xo: Xb 

7259 

Figure 4. Relationship between vehicle-carried vertical and body azis systems. 

These rotations are described by 

cosy —sinw 0 

Ly = snp cosy 0 

| 0 0 1 

[ cosé 0 sind 

Ig = 0 1 O 

| —sin@ 0 cosé 

rT 1 60 0 
Lg = 0 cos@ —sing 

| 0 sing cos¢ 

and the total rotation is described by 

cos @cos cos@sin wv —sin 6 

sin@sin@cosw singsinOsiny sin dcosé 
[py = Ly Lely = — cos ¢dsin + cos @cos wv 

cosésin@cosw cosdsin@sinw sin dcos 6 

+sin dsin w —sin cos wv 

a
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(b) Rotation through 6 about y, avis. 
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(c) Rotation through ¢ about zr, azis. 

Figure 5. Rotation of azes through Euler angles.



Because Lpy is a unitary matrix, the transformation from the body axes to the vehicle-carried vertical 
axes is L# 1 BV: 

The relationships between the body, wind, and stability axes are shown in figure 6. All three axis 
systems have their origin at the center of gravity of the aircraft. The z axis in the wind reference system 
(tw) is aligned with the velocity vector of the aircraft. The angle of sideslip @ and angle of attack a define 
the orientation of the wind axes with respect to the body axes. (The stability axes are shown in figure 6 
also. This reference system is displaced from the wind axis system by a rotation § and from the body axis 
system by a rotation —a.) 

7263 

Figure 6. Relationship of body, stability, and wind azes. 

Also shown in figure 6 are the components of the velocity vector V in the body axes (u, v, and w) 
and the definition of positive rotations for a and f. It should be noted that @ is a positive rotation in a 
left-handed coordinate system, whereas the positive sense of all other rotations used in aircraft analysis are 
positive in a right-handed coordinate system. 

The definitions of the body axis velocities (fig. 6) are 

u = V cosacos B (1-9) 
v= Vsinf (1-10) 
w = VsinacosZ (1-11) 

The total velocity V, angle of attack a, and angle of sideslip @ can be expressed in terms of these body axis 
velocities as 

V = [V] = (u? + 0? + w?)/? (1-12) 
Ww 

a = tan? — (1-13) 

. -1 U 
B = sin 1 V (1-14) 
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1.2 Nonlinear State Equations 

For the aircraft problem, the state vector x is 12x 1 vector composed of four 3 x 1 subvectors representing the 

vehicle rotational velocity, the vehicle translational velocity, the vehicle attitude, and the vehicle location: 

x = (xp x? x? xi (1-15) 

where 

x1 =([pqr]t (1-16) 

x2 = [V a py" (1-17) 

x3 = [¢ 6 pt (1-18) 

x4 = ([h x yl? (1-19) 

with x1, X2, X3, and x4 being the rotational velocity, translational velocity, attitude, and position subvectors, 

respectively. The vehicle rotational and translational velocity are defined within the aircraft-fixed axis 

systems. In the formulation of the state used in this report, the vehicle rotations are body axis rates, whereas 

the vehicle velocity terms are stability axis parameters. The vehicle attitude and location parameters are 

earth relative. 

The vector function f, relating the state vector its time derivative, and the control vector to the time 

derivative of the state vector with respect to time, is a 12-dimensional vector function composed of four 

3-dimensional vector subfunctions: 

f[x(t), x(t), u(¢)] = [fy fy fe fy)" (1-20) 

where f,, fz, f3, and f, are the vector functions that relate the x(t), x(¢), and u(t) vectors to the rotational 
acceleration, translational acceleration, attitude rate, and earth-relative velocity subvectors of x(t). In the 

following sections, each of these subfunctions will be developed separately. The details of the derivation 

of these subfunctions can be found in any of the standard references on aircraft dynamics (Etkin, 1972; 

McRuer and others, 1973; Thelander, 1965). 

1.2.1 Rotational acceleration— The subfunction f, of f from which the rotational acceleration 

terms in the x vector are derived is based on the moment equation 

d M = —H (1-21) 

where M is the total moment on the vehicle and H is the total angular momentum of the vehicle. This 

expression can be expanded to 

M = © (12) +x (IQ) (1-22) 

where 6/6¢ is the time derivative operator in a moving reference frame (such as the vehicle body axis system) 
and the substitution 

H=I0 (1-23) 
has been used to replace the total angular momentum term with the product of the inertia tensor J and 
the rotational velocity vector 9. (The inertia tensor is assumed to be constant with time.) The definition 
of the terms in equation (1-22) follow: 

SL L+1¢ 

M=/0M/=|M+ Mr (1-24) 
UN N+ Nr 
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with L, M, and N being the aerodynamic total moments about the x,y, and z body axes, respectively, and 
Ly, My, and Ny the sums of all power-plant-induced moments; 

I, Izy —Izz 

I= | -Iny Iy Lye (1-25) 
—Iyz —Tyz I, 

where J,, Iy, and I, are the moments of inertia about the z, y, and z body axes, respectively, and Iny, Iz, 
and J,, are the products of inertia in the z-y, x—-z, and y-z body axis planes, respectively; and 

Q=x,=[p qr]? (1-26) 
where p, g, and r are the rotational rates about the z, y, and z body axes, respectively. Because it is 
assumed that the inertia tensor is a constant with respect to time, equation (1-22) can be rewritten as 

“0 =I7“'(M-2 x IQ) (1-27) 

This is the vector subfunction for the rotational acceleration. Designating this subfunction as f,, the 
following definition applies: 

fy[x(2),X(#), u(d)] = I7[M — @ x (19)] (1-28) 
where 

6 Q = f,[x(t), x a0 = filx(t),X(1), w(t) (1-29) 

0 = [pil (1-80) 

Since the inverse of the inertia tensor [~! is given by 

1 (44 4 

RT| RF oe 
where 

det I = Iplyl, — Il}, — 1,13, — IyI2, — yz TezTry (1-32) 

= TI, - 1, (1-33) 

Tz = Ipylz + Tyzloz (1-34) 

T3 = Igylyz + Tyler: (1-35) 

I, = II, — 12, (1-36) 
Ls = Iglyz + Teylez (1-37) 

Ig = Ip, — 12, (1-38) 
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the expression for the rotational accelerations can be expanded as a set of scalar equations: 

1 

b= det qeLh + EMI, + UNIs - p(Ir2d2 ~ InyI3) + pq(Uezh — Ty2To — Dols) 

~ pr(Lnyly + DyI2 _- Iyz13) + Q (Lyely _ IzyI3) _ qr(D. _ IgyTo + I,2I3) 

— P(Iyzl — Ivela)] (1-39) 

1 
@ = qqlELh t+ EMIy + UNI ~ p?(Ieels — Inyls) + pq(Iezl2 ~ Iyelas — Des) 

_ pr(Icyle + DyI4 _ IyzTs) + q’(LyzTe _ IzyIs) _ gr( Dele _ Igy + Izz1s) 

— 1? (Tyelo — IpeTs)] (1-40) 

1 

r= det pelts + UMIs + UNIe — p*(InzIs ~ Inyle) + pq Tez Is - Iyzts — DzIe) 

- pr(InyIs + D,Is _ IyzIe) + Q (Tyo _ IpyIo) _ qr( Dats _ IgyTs + Iz,Ig) 

— 1 (Iy2T3 — Inels)] (1-41) 
where 

D, = 1,-I, (1-42) 

Dy = I, —I, (1-43) 

D,=I1,-I, (1-44) 

Equation (1-3) defines the generalized nonlinear state equations as 

TX(t) = f[x(t), x(t), u(t)] 
This equation, although more complicated than the nonlinear equations defined by equation (1-1), allows for 
a more tractable formulation of the state equation by using the matrix T to provide a means of addressing 
the rotational accelerations in a decoupled axis system. 

The derivation of the rotational acceleration terms is based on the moment equation (1-22): 

M= (UM) +0 x IQ 

Rearranging terms and assuming that the inertia tensor is constant with respect to time, the equation can 
be written as 

6 
[Q=M-2 x ID (1-45) 

The rows of this vector equation are now scaled using the following scaling matrix: 

1/Ir 0 0 
J'= 0 l/f, 0 (1-46) 

0 0 8 1/I, 

This matrix, when premultiplying equation (1-27), merely divides the first row by the roll inertia J,, the 
second row by the pitch inertia I,, and the third row by the yaw inertia J/,. Using the definition 

J=J'I (1-47) 
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the resulting equation is 

20 = J'M-J'(Qx IQ) (1-48) 

and J can be written as 
1.0 _ ey/ Te —™ Tez [Te 

J= ~ Ipy/TIy 1.0 — Iyz/Iy (1-49) 

~ vr/ Is -I,,/T, 1.0 

Equation (1-48) can be expanded and expressed as 

p 1.0 —Iny/I> —Ine/In | [ p 
¢q| = Ley| Ty 10  —-Tye/Iy | | 4¢ 
r —TIee/Tz —Iyz[Iz 1.0 i 

DL/Ty = tpley/ IL: + plz | Te + rqly/ In + (¢? — 9? )Iyze/Te — ar le/ Te 

= UM/Iy — rple/Ty + rey] Ty — palyz/Ty + (r? — p* Tez /Ty + pri,/TIy (1-50) 

i UN/Iz + (ple/Iz — QrInz/Iz + ptlyz/Ie + (p? — Q Tey/ Lz — pql,/I, 

where p’, q’, and 7 are the decoupled rotational accelerations of the vehicle. 

Using the definition of J in equation (1-49), the matrix transformation T can be defined as 

: . 
J 1 03y3 | 

== --L 222 Oexe 

T= | oxo ites (1-51) 
t 

Oexe lexe 
t 
| 

which would be an identity matrix except for the presence of the inertia terms in the upper left-hand corner. 
Thus, the vector subfunctions for the generalized state equation defining vehicle translational acceleration, 
vehicle attitude rates, and earth-relative velocities are the same as those defined for the standard nonlinear 
state equations in sections 1.2.2, 1.2.3, and 1.2.4, respectively. 

1.2.2 Translational acceleration—Derivation of the translational acceleration vector subfunction 
f2 is based on the force equation 

F= S (mv) (1-52) 

where F is the total force acting on the vehicle and m is the vehicle mass. This expression can be expanded to 

F=m (<v +2 xX v) (1-53) 

with the assumption of constant mass with respect to time and the following definitions of F and V: 

F=[SX SY yz] (1-54) 

where 2X, NY, and LZ are the sums of the aerodynamic, thrust, and gravitational forces in the z, y, and 
2 body axes, respectively, and 

Valu v wit (1-55) 
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Rearranging the terms of equation (1-52) gives an expression for the translational acceleration: 

oye p_oaxv (1-56) 
ét m 

This equation expresses body axis accelerations in terms of body axis forces, angular rates, and velocities. 

However, the desired form of this relation requires the translational accelerations in the wind axis system; 

that is, in terms of the magnitude of the total vehicle velocity V, angle of attack a, and angle of sideslip 6, 

which are expressed by equations (1-9) to (1-11) 

u = Vcosacosf 

v= Vsinf 

w= VsinacosB 

and equations (1-12) to (1-14) 

V= [Vv| —_ (u? + vy? + w?)i/? 

a = tan7} (=) 

3 = sin7} (+) 

The wind axis translational acceleration terms (derived in app. B) are summarized as: 

[V & A)" = f[x(t), X(t), ud] (1-57) 
where 

. 1 
V= 7b Deosh + ¥ sin B + Xp cosacos B+ Yrsin B + Z sin a cos p 

— mg(cos a cos G sin @ — sin G sin ¢cos @ — sin acos § cos ¢ cos A)] (1-58) 

1 
a= Vmcosbl -L+Zycosa — Xz sina + mg(cosacos ¢cos @ + sin asin 6)] 

+q- tan B(pcosa + rsina) (1-59) 

: 1 
B= yl sin 8 + ¥ cos — Xp cosasin B + Yr cos 6 - Zr sin asin B 

+ mg(cos asin Bsin 8 + cos B sin dcos # — sina sin G cos ¢cos @)| + psina —rcosa (1-60) 

with D being total aerodynamic drag; Y total aerodynamic sideforce; and Xz, Yr, and Zr total thrust 
force along the z, y, and z body axes, respectively. 

1.2.3 Attitude rates.—The matrix R that transforms angular velocities in the earth-fixed axis system 
into body axis angular velocities is defined by 

1 0 —sin 6 

kR={0 cos¢_ singcosé (1-61) 
0 -sing cos¢cosé



where F is derived by Maine and Iliff (1986) from the total angular velocity of the aircraft expressed in 
terms of the derivatives with respect to time of the Euler angles (4, 6, ): 

D lb 1 0 0 0 1 0 0 cos# 0 —sin6 0 
q| = {01+ {0 cos¢d sing 6{+]0 cos¢@ sing 0 1 #0 0 
r | 0 0 —sind cos¢ | | 0 0 —sing cos¢ sin@ 0 cosé o 

‘1 (OO — sin 6 db 

= |0 cos¢ singcosé | | 6 (1-62) 
0 —sin ¢ cos ¢cosé o 

This transformation from earth-fixed to body axes can be expressed by the equation 

a=R(5B) (1-63) 

where E is an attitude vector whose components are the Euler angles: 

E = (60 y]" (1-64) 
Premultiplying both sides of equation (1-63) by R71 and rearranging terms yields the equation for the 

attitude rates, 

{B= R10 (1-65) 

which can be expanded into the scalar equations 

bd = p+qsindtand + rcosdtand | (1-66) 

6 = qcos¢—rsing (1-67) 

p= qsin sec 6 + rcos dsecé (1-68) 

1.2.4 Earth-relative velocity—The matrix Lpy that transforms earth axis system vectors into the 
body axis system is defined by equation (1-8) as 

| cos —sin w 0 cos? Q sind 1 0 0 
Lpy = snw cosy 0 0 1 O 0 cosd@ —sing 

| 0 0 1 —sinO 0 cosé@ 0 sing cos¢ 

r cos # cos cos @ sin a —sin@ 
= singsin# cosy —cosdsiny singdsinOsiny+cosdcosy sin ¢cos@ 

| cosdsinPcos+singsiny cos dsin 6 siny—singcosy cosdcosé 

The specific relationship between earth-relative velocities and body axis velocities i8 expressed by 

V=L ( SR) 1-69 = Inv (4 (1-69) 
where R is the earth axis system vector defining the location of the vehicle: 

R=[z y 2]? (1-70) 
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with z = —A. 

The equation for the earth-relative velocity can be formulated as 

R = L5yV (1-71) 

in which these velocities are expressed in terms of body axis velocities. Using equation (1-72) and the 

definitions of the body axis velocities in equations (1-12) to (1-14) allows the earth-relative velocities to be 

expressed in terms of V, a, and ~: 

h = V(cosacos (sin @ — sin J sin ¢ cos 6 — sina cos f cos $ cos 9) (1-72) 

z = V[cosacos cos @ cos ~ + sin G(sin ¢ sin 6 cos ~ — cos dsin ) 

+ sin a cos (cos dsin 8 cos # + sin dsin p)] (1-73) 

y = V[cosacos 6 cos @ sin p + sin B(cos pcos p + sin dsin 6 sin 7) 

+ sin a cos G(cos ¢ sin 6 sin ~ — sin d cos p)] (1-74) 

1.3. Nonlinear Observation Equations 

No standard set of observation variables exists for the aircraft analysis and control design problem. However, 

for any guidance and control problem, the main observation variables generally will be a subset of the state 
variables. Other common observation variables are the vehicle body axis translational accelerations and 

air data parameters. Thus, the dimension of g[x(t), x(t), u(t)] is not fixed and varies from application to 
application. The set of observation variables described in this section was selected to address a wide range 

of problems. The basic composition of the observation vector y as used in this report is given by 

y= [x7 xt ut y7}t (1-75) 

where x and x are the state vector and time derivative of the state vector described previously, u is the 

control vector, and y’ is defined by 

ywe=lyt ys ys ys ys ye yr ys) (1-76) 

where 

yi = [deck Gyk Gzk Gz Gy Gz Oy Apy dy; Gz Ong rm" (1-77) 

y) = [a M Re Re’ @ 4 4c/Pa Pa & T Tr)" (1-78) 

y3 = [7 fpa h]? (1-79) 

y, = [E, P,J* (1-80) 

y,=[L DNA © (1-81) 

ye=[uvwid wt (1-82) 

y7 = [az Bi hy kyl" (1-83) 

ys =[T Ds % Ts)" (1-84) 
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with the elements of y{ being terms related to the vehicle body axis acceleration, the elements of y} being 

air data terms, the elements of y3 being flightpath-related terms, the elements of y, being terms related to 

vehicle energy, y{ being a vehicle force vector, the elements of y4 being body axis translational rates and the 
time derivatives of those terms, y7 being a vector of variables representing measurements from instruments 
not located at the vehicle center of gravity, and the elements of yg being a collection of miscellaneous terms. 

Obviously, this grouping of terms is somewhat arbitrary and is done primarily to ease the definition of these 

terms in the following sections of this report. This grouping of observation variables parallels that used by 
Duke and others (1987). 

The vector function g relating the state vector, the time derivative of the state vector, and the control 

vector to the observation vector is an £-dimensional function composed of four subfunctions: 

glx(t), x(t), u(t)] = [x* x7 ut g!7)] (1-85) 

where x, x, and u are identity functions on the state vector, time derivative of the state vector, and control 

vector, respectively, and g’ is composed of vector subfunctions defining the y’ vector. 

The state vector, time derivative of state vector, and control vector components of the observation 
vector are not discussed in detail in this section of the report. The equations for the elements of the time 
derivative of the state vector were developed in section 1.1. The observation equations for the state and 
control variables are simply identities.” The equations for the remaining observation variables are obtained 
from a variety of sources. In addition to the previously cited sources, Clancy (1975), Dommasch and 
others (1967), Gainer and Hoffman (1972), and Gracey (1980) provide the background and derivation of 
the observation equations used in this report. 

1.3.1 Accelerations.—The vehicle body axis accelerations and accelerometer outputs constitute the 
set of observation variables that, after the state variables themselves, are most important in the aircraft 
control analysis and design problem. These accelerations and accelerometer outputs are measured in units 
of g and are derived directly from the body axis forces defined in section 1.2.2. The body axis acceleration 
vector a can be expressed as 

d ) 
a= ava AV taxV (1-86) 

It is important to note here that the u, 4, and w body axis velocity rates, derived in appendix B and 
defined by equation (B-1), are not the body axis accelerations. The body axis accelerations contain not 
only the body axis velocity rates but also the rotational velocity and translational velocity cross-product 
terms. Thus, expanding equation (1-86) yields 

ark au+qu—rv 
a=} aye | =| o+ru—pw (1-87) 

zk w+ pv — qu 

where dz, @yk, and a, are the kinematic accelerations in the vehicle body z, y, and z axes, respectively. 
Using 

a (1/m)(X7 + Xa+Xg) + rv -quw 

ob) =| (/m)(¥r+¥.+ ¥,) + pw-ru (1-88) 
w (1/m)(Zy + Za + Zg) + qu— pv 

(stated as eq. (B-1) in app. B), equation (1-87) can be rewritten as 

ek (1/m)(Xr + X, + Xx) 
ay k = (1/m)(¥r + Ya + Y;) (1-89) 

az k (1/m)(Zp + Za + Zg) 
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where X,, Ya, and Z, are total aerodynamic forces and X,, Y,, and Z, are total gravitational forces along 

the x, y, and z body axes, respectively. This can be expanded in terms of the gravitational and aerodynamic 

forces to give (in units of g) 

az k 1 Xz — Deosa+ Lsina — gmsin@ 

dyk | = Yr+Y+gmsin ¢cos (1-90) 

Gzk Jo Zy — Dsina — Lcosa + gmcos¢cos 

where go is the acceleration due to gravity at sea level. 

The outputs of body axis accelerometers at the vehicle center of gravity are simply the body axis 

accelerations due to the thrust and aerodynamic forces. The accelerometer output equations can be written 

directly from equation (1-90) as 

ar 1 X77, - Dcosa+ Lsina 

ay | = —— Yr+Y (1-91) 

dz gom Zr — Dsina — Lcosa 

where az, ay, and a, are the outputs of accelerometers at the vehicle center of gravity and aligned with the 

vehicle body z, y, and z axes, respectively. Because the normal acceleration a, is defined by 

Gy, = —a, (1-92) 

an expression for this variable can be extracted from equation (1-91): 

a, = (-Zr + Dsina+ Lcosa)/gom (1-93) 

The equations defining the output of accelerometers aligned with the vehicle body axes but displaced 

from the vehicle center of gravity are derived by Gainer and Hoffman (1972) using the definition of inertial 

acceleration given in equation (1-86) 

a-~Viaxv 
ét 

and the definition of inertial velocity 
6 

Ve grtQxr (1-94) 

The results from Gainer and Hoffman (1972) are reproduced here without rederivation: 

d,i az —[(q? + 1? )te — (pq *)¥e — (pr + 9)zx)/90 
dyi | = | dy + [(pg+ #)ay — (p? +7? )yy — (ar ~ B)2y]/90 (1-95) 
az,i az + [(pr — ¢)tz + (qr + B)y2 ~ (¢? + P”)22]/90 

where a,j, 4y;, and a,,; are outputs at accelerometers aligned with the z, y, and z body axes but not located 

at the vehicle center of gravity; the subscripts z, y, and z refer to the z, y, and z body axes, respectively; 

and the symbols z, y, and z refer to the x, y, and z body axis locations of the sensors relative to the vehicle 

center of gravity. Because the normal acceleration is the negative of the z body axis accelerometer, the 

output of a normal accelerometer not at the vehicle center of gravity but aligned with the z body axis, ani, 

is given by 

Oni = On ~ [(pr — g)az + (ar + By — (a° + vp) 221/90 (1-96) 

The final quantity included in the general category of accelerations is load factor n. This quantity is 

defined without inclusion of the z body axis force component as 

L 
n= mg (1-97) 

19



1.3.2 Air data parameters.—The air data parameters having the greatest application to aircraft 

dynamics and control problems are the sensed parameters and the reference and scaling parameters. Chosen 

for inclusion as the sensed parameters are impact pressure q., static or free-stream pressure pa, total pressure 

pt, ambient or free-stream temperature T, and total temperature T;. The selected reference and scaling 
parameters are Mach number M, dynamic pressure g, speed of sound a, Reynolds number Re, Reynolds 

number per unit length Re’, and the Mach meter calibration ratio q./pa. The derivation of these quantities 

is treated extensively by Gracey (1980). 

The nonlinear equations defining these quantities are 

1/2 
Po = |1.4 r| 1-98 

¢ | Polo (1-98) 

V 
M = — (1-99) 

Re = PVE (1-100) 
Le 

V Re’ = 7 (1-101) 
iv 

. li, 
g= tad (1-102) 

_ J (1.0 + 0.2M?)5 — 1.0]p, (M < 1.0) (1-103) 
fe =) {1.2M7[5.76M?/(5.6M? — 0.8)]?5 —1.0}p, (M > 1.0) - 

qe _ J (1.04 0.2M*)3* — 1.0 (M < 1.0) 1-104 
Pa ‘| 1.2M*[5.76M?/(5.6M? — 0.8)]?5—1.0 (M > 1.0) (1-104) 

T, = T(1.0+ 0.2M?) (1-105) 

where p is the density of the air, yu is the coefficient of viscosity, and the subscript 0 refers to sea level, 
standard day conditions. Free-stream pressure, free-stream temperature, and the coefficient of viscosity are 
properties of the atmosphere and are assumed to be functions of altitude alone. 

1.3.3 Flightpath-related parameters.—Included in the observation variables are what might best 
be termed flightpath-related parameters for lack of better nomenclature. These terms include flightpath 
angle ¥, flightpath acceleration fpa, and vertical acceleration h. The variables are defined by the following 
equations: 

= sin7! A 1-106 y= V 
( . ) 

V fpa = — (1-107) 
g 

h = ag, sind — dy, sin @ cos @ — az, cos cos 8 (1-108) 
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1.3.4 Energy-related parameters.—Two energy-related parameters are included with the observa- 

tion variables considered in this report: specific energy E,, and specific power P,, defined as 

y?2 

= __ 1-109 E,=h+ 2g ( ) 

dE, : VV 
= Sa hy — 1-110 Po= + 3 ( ) 

1.3.5 Force parameters.—The set of observation variables being considered also includes four force 

parameters. These quantities are total aerodynamic lift LZ, total aerodynamic drag D, total aerodynamic 
normal force N, and total aerodynamic axial force A, defined as 

L = qSCy (1-111) 

D = 4SCp (1-112) 

N = Leosa+Dsina (1-113) 

A= —-Lsina+Dcosa (1-114) 

where S' is the surface area of the wing, C{, coefficient of lift, and Cp coefficient of drag, 

1.3.6 Body axis rates and accelerations.—Because they are of interest in the control analysis and 
design problem, six body axis rates and accelerations are included as observation variables. These include 
the z body axis rate u, the y body axis rate v, and the z body axis rate w.. Also included are the time 
derivatives of these quantities, a, 0, and w, respectively. 

The definitions of the body axis rates are given in equations (1-9) to (1-11) as 

u = Vcosacosf 

v=Vsinf 

w= Vsinacos PZ 

The time derivatives of these terms can be defined using equation (B-1) and equations (B-8), (B-9), (B-10), 
and (1-56) as 

i Xv -—gmsind — Dcosa+ Lsina 
_ +rV sin B — qgV sinacos@ (1-115) 

Yr + gmsing@cosé+Y 

m 
a= + pV sin acos 3 — rV cosacos 8 (1-116) 

@— Dsina — w= Zr + gm cos $ cos sina ~ L cosa +qV cosacos 3 — pV sin B (1-117) 
m 

1.3.7 Instruments displaced from the vehicle center of gravity—The need to include measure- 
ments from instruments displaced from the vehicle center of gravity arises from the fact that not all aircraft 
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instrumentation is located at the vehicle center of gravity. The most important of these quantities are un- 

doubtedly the accelerometer outputs treated in section 1.3.1. In this section four additional parameters are 

presented: angle of attack (a,;), angle of sideslip (,;), altitude (h;), and altitude rate (h.;) measurements 
from instruments displaced from center of gravity by some z, y, and z body axis distances. The subscripts 

a, B, h, and h refer to the displacements of the angle-of-attack, angle-of-sideslip, altitude, and altitude rate 

instruments from the vehicle center of gravity. The equations used to compute these quantities are 

a; = a+ Pa Pua (1-118) 
Vv 

Bi = B+ 2’ (1-119) 
V 

hi = h+2,sin@ — y, sin dcos 6 — z, cos cos 8 (1-120) 

hy =hA+t O(a; cos @ + y; sin dsin 6 + z; cos sin @) — HY}, cos $cos 6 — z; sin pcos @) (1-121) 

1.3.8 Miscellaneous observation parameters—tThe final set of observation parameters considered 
in this report is a miscellaneous collection of parameters of interest in analysis and design problems. These 
parameters are total angular momentum T, stability axis roll rate p,, stability axis pitch rate q., and stability 
axis yaw rate rs. The equations used to define these quantities are , 

T= 5 ep? — QIeypq — 2Leept + Iyg? ~ 2Tyzqr + Ier*) (1-122) 

Ps = pcosa+rsina (1-123) 

Gs = 4 (1-124) 

re = —psina+rcosa (1-125) 

2 LINEAR SYSTEM EQUATIONS 

The standard state equation for a linear differential system has the form 

%(t) = A’x(t) + B’u(t) (2-1) 

where, for a time-invariant system, A’ is a constant n x n matrix and B’ is a constant n x k matrix. The 
standard output equation has the form 

y(t) = H’x(t) + F’u(t) (2-2) 

where H’ is a constant ¢ x n matrix and F’ is a constant ¢ x k matrix. The generalized linear system 
equations used with an extended formulation compatible with the generalized nonlinear equations (1-3) and 
(1-4) can be characterized by 

Cx(t) = Ax(t) + Bu(t) (2-3) 

y(t) = Hx(t) + Gx(t) + Fu(t) (2-4) 
where C and A are constant n x n matrices, B is a constant n x k matrix, H and G are constant fx n 
matrices, and F is a constant £x k matrix. The nonlinear system equations developed in section 1 (eqs. (1-1) 
to (1-4)) can be linearized about a trajectory, and a linear model can be formulated that is similar to either 
the standard or the generalized linear system equations. 
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2.1 Linearization of the State Equation 

If uo(t) is given input to a system described by the state differential equation (1-3), and if xo(t) is a known 
solution of the state differential equation, then approximations to the neighboring solutions can be found 
for small deviations in the initial state and in the input by using a linear state differential equation. The 
nonlinear state differential equation (1-3) can be linearized about a general trajectory, as by Kwakernaak 
and Sivan (1972) and Dieudonne (1978), so that x(t) satisfies 

TXo(t) = f[Xo(t), xo(t), uo(4)] 

Assuming that the system is operated at close to nominal conditions with u(t), x(t), and x(t) deviating 
only slightly from uo(t), xo(t), and Xo(t), the following expressions can be written: 

u(t) = uo(t) + du(t) (2-5) 

x(t) = xo(t) + &x(t) (2-6) 

x(t) = Xo(t) + 6x(t) (2-7) 

where éu(t), 6x(t), and 6x(t) are small perturbations to the control, state, and time derivative of the state 
vectors, respectively. 

Substituting equations (2-5) to (2-7) into the nonlinear state differential equation (1-3), expanding in a 
Taylor series about Xo(t), Xo(t), uo(t), and assuming T constant with respect to x(t) yields 

of of of ° t 6 ° _ f e a ms x: “ _ T[Xo(t) + 6x(t)] = f[xo(t), Xo(t), u(t)] + Ix 6x + Dx 6x + au 6u + h(t) (2-8) 

where 0f/Ox, Of/Ox, and Of/Ou are defined in equations (2-9) to (2-11) and h(t) represents the sum of 
the higher order terms in the Taylor series, assumed to be small with respect to the perturbations. The 
matrices used in the Taylor series expansion are defined by the following relationships: 

ax Ox}, (2-9) (Xo ,Xo,Wo) 

of of 

de = El. (270) (Xo0,Xo0,Uo) 

Of Of 
Bu = au (2-11) 

(X0,Xo ,Uo) 

the (7, 7)th elements of which are defined as 

Of Of; 

(5), 7 ax; (212) 

(a). a 21 
Ox/);,5; Ox; (2-13) 

of Of; 

(Saag = Bas en) 
respectively, where f; is the ith simultaneous equation of the nonlinear state differential function in equa- 
tion (1-3), x; the jth element of the state vector, x; the jth element of the time derivative of the state 
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vector, i; the jth element of the control vector, and all derivatives are evaluated at the nominal condition 

(xo(t), Xo(t), uo(t)). 
Subtracting equation (1-3) from (2-8), rearranging terms and neglecting the higher order terms yields a 

linearized state equation, 
of of of 

— =| 6x(t) = — — 2-1 Ir 5 E(t) = = x(t) + Sul) (2-15) 

where the arguments of the matrix functions have been dropped to simplify the notation and where it is 

understood that the matrices are to be evaluated along the nominal trajectory. 

Letting 

of 
C=T- x (2-16) 

of 
A= = (2-17) 

of B- aa (2-18) 

equation (2-15) can be written as 

C 6x(t) = A 6x(t) + B du(t) (2-19) 

which is precisely the formulation of the generalized state equation desired. 

Premultiplying both sides of equation (2-19) by C7! results in the standard form of the linearized state 
differential equation, 

6x(t) = C71A x(t) + C71 B 6u(t) (2-20) 

Letting 

A'=C71A (2-21) 

B’=C™!B (2-22) 

equation (2-20) can be written in the more usual notation 

6x(t) = A’ 6x(t) + B’ Su(t) (2-23) 

2.2 Linearization of the Observation Equation 

The technique used in section 2.1 to linearize the state equations can be applied to the nonlinear observation 

equation (1-4), 

y(t) = g[x(t), x(t), u(d)] 

Performing a Taylor series expansion about the nominal trajectory (xo(t), Xo(t), uo(t)) yields 

. 6] Og ..  O 
yo(t) + 6y(t) = glxo(t), ko(t), uo(t)] + 5= 6x + Se 6x + 5% ou + h(?) (2-24) 

where 

6) Og _ Og (2-25) 
x . 

(Xo0,X0,Uo) 

24



og _ 9B (2-26) 
Ox Ox (X0,X0,Uo) 

og _ 98 (2-27) 
du Ou (20,3%0, 100) 

the (i, 7)th elements of which are defined by 

dg Ogi <=) = = 2-28 
(5), Ox j (2-28) 

ag Ogi aS => 2-29 Can Ox; (2-29) 

og Ogi p=} = ot 2-30 
Cae Ou; ( ) 

respectively, where g; is the ith simultaneous equation of the nonlinear observation equation (1-4). Again, 

all derivatives are evaluated at the nominal condition (xo(t), Xo(t), uo(t)). 

Subtracting equation (1-4) from equation (2-24), rearranging terms, and neglecting higher order terms 

results in a linear observation equation, 

_ Og Og ,. , Og 
dy(t) = Dx 6x+ ae 6x + au éu (2-31) 

where the arguments of the matrix functions have been dropped to simplify notation. Letting 

dg H= x (2-32) 

og 
G= ax (2-33) 

dg 
Fe= au (2-34) 

equation (2-31) can be rewritten as 

éy(t) = H éx(t) + G 6x(t) + F du(t) (2-35) 

which is the generalized linear observation equation desired. 

The standard form of the observation equation can be derived by substituting for 6x from equation (2-23) 
into equation (2-33). This substitution results in 

éy(t) = H 6x(t) + G[A’ 6x(t) + B’ éu(t)] + F éu(t) (2-36) 

which can be written as 

éy(t) = [H + GA’) 6x(t) + [F + GB’] éu(t) (2-37) 

By letting 

H'’=H+GA' (2-38) 

F' = F4+GB' (2-39) 

equation (2-37) becomes 
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dy(t) = H’ bx(t) + F’ bu(t) (2-40) 

2.3 Definition of Matrices in Linearized System Equations 

The results of sections 2.1 and 2.2 can be used to define the matrices in the linearized system equations 
in terms of partial derivatives of the nonlinear state and observation functions taken with respect to the 
state, time derivative of state, and control vectors. All derivatives are understood to be evaluated along the 
nominal trajectory. 

Using the nonlinear state equation (1-3), 

Tx(t) = f[x(t), x(2), u(t)] 

the terms in the generalized form of the linearized state equation (2-19), 

C 6x(t) = A 6x(t) + B u(t) 

can be defined as 

of 
C=T- Dx . (2-41) 

of 
A= ax (2-42) 

of 
B= au (2-43) 

The terms in the standard form of the linearized state equation (2-20), 

6x(t) = A’ 6x(t) + B’ bu(t) 

can be defined as 

Of]~' df 
' —_—_ _ 

= A= - a ax (2-44) 
of)]—! of 

' = —_ _— 

B= 5 du (2-45) 

In a similar manner, the nonlinear observation equation (1-4), 

y(t) = g[x(t), X(t), u(t)] 

can be used to define the terms of the generalized linearized observation equation (2-35), 

Sy(t) = H 6x(t) + G 6&(t) + F du(t)



H=2 (2-46) 

g-2 (2-47) 

F= = (2-48) 

The terms in the standard form of the linearized observation equation (2-40), 

by(t) = H’ éx(t) + F’ du(t) 

can be defined as 

Og og of\~! af 
U = — — ———— ——— - H' = 3" +52 lr = an (2-49) 

dg. Og at) Of fo “2 “o _ 2 _ _ Fea star lT- a) 5 (2-50) 

2.4 Elements of the Linearized System Matrices 

The elements of the linearized system matrices derived in sections 2.1 and 2.2 are determined by applying the 

linearization method employed with the vector equations in those sections to the individual scalar equations 

constituting the vector equations that define the time derivatives of the state and observation variables. 

Thus, for a matrix, such as the state matrix A defined by equation (2-42), 

_ of A= — 
Ox 

the element occupying the ith row and jth column of A, (A);,;, can be represented as 

af; 
(Adis = 5 (2-51) 

where fj is the scalar function defining the time derivative of the ith state and x; is the jth state. The 
individual terms used in the A, B, C, H, G, and F matrices are defined in appendix D based on the 

generalized derivatives derived in appendix C. 

Using the state vector x defined in (1-7) as 

x=[pqrVaBgophzy) 

the elements of the A matrix can be expressed as 

[ 8(p/)/ Op A(p')/Oq «++ A(p’)/By] 
O(q')/Op O(4')/Oq «++ A(q')/Oy 

(2-52) 
O(x)/Op O(x)/Oq --+ O(x)/dy 

| A(y)/Op A(y)/Aq --- A(y)/Oy | 
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Substituting for these partial derivatives using the terms in appendix D gives 

(1/Te)[(G5b?/2Vo)Ce, + OLr/Op (1/Le)[(GSbe/2V0)Ce, + OL7/ dq + InzPo 
—LryTo + T2290] +2Iy290 + ro(ly ~ I,)| 

A= (1/Iy)[(G@Sbe/2V0)Cm, + OMr7/dp (1/Iy)(GSé/2Vo)Cm, + OMr/0q wae (2-53) 

—2Iz2Po — Iyz40 + ro(l, _ I;)] +InyTo - IyzPo] 

The elements of the B, C, H, G, and F matrices can be determined in a similar fashion, although some 
care must be taken in determining the elements of the matrices for the observation equation and the C 
matrix. 

To determine the elements of the matrices for the observation equation, one must consider the definition 
of the nonlinear vector function g defining the observation variables (eq. (1-85)), 

g[x(t), x(t), u(t)] = [xT x7 ut g7] 
and the definitions of the matrices for the generalized linear observation equations (2-46) to (2-48) , 

H= 3 

o = 98 
i 

These matrices may be expressed using a partitioning based on the vector subfunctions of g as 

ox 7 
ox 

ax 
ox 

my HT | ! (2-54) 

t 

Sa
 

a 
a 

L 

G=|-- (2-55) 

Fa} __ (2-56) 
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which become 

lizxie | 

012x12 
H=|___- (2-57) 

Oxx12 

oe! 

| xd 
012x12 | 

li2x12 
G=|___- (2-58) 

Oxx12 
3g 

L @x 4d 

O12xk 

O1exk 

F=|-_-- (2-59) 
liexk 

| = | 
upon evaluating the partial derivatives of the identity functions x, x, and u. 

The C matrix may be viewed as a partitioned matrix as 

L oly | 
et Oexe 

| I 

Ca | Sexe C (2-60) 
i} 

O6x6 lexe 

L 1 

where, from equation (1-48), 

1.0 _ cy/Tr —Ip2/Tr 

Cu =J=|-Iee/Iy 1.0 —Inz/ly (2-61) 
—Ig./I, —Iyz/T, 1.0 

and 

-A(p!)/AV —A(p')/A& —A(p')/OB 0 —(GS'be/2Volz)Ce, —(GSb?/2Volz)Ce, 
Ci2 = | -O(q’)/OV —A(q/)/0& —8(q')/08 0 —(G5e?/2Voly)Cma —(G5bE/2Voly)Cm, (2-62) 

—A(r')/AV —O(r')/A& —A(r')/AB 0 —(G5be/2Volz)Cn, —(G5b?/2Volz)Cn, 
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[ 1.0 - a(V)/aVv 

-0(8)/aV 

~O(V)/a 
—8(&)/AV 1.0 - A(a)/d6 

—8(B)/e 1. 

= [0 1.0+(gS2/2Vemcos Bo)CL; 

~a(V)/aB 

—0(a)/08 
0 — A(8)/dB 

[1.0 (GSé/2Vom)(cos Bo Cp; — sin Bo Cy,) (G5b/2Vom)(cos Bo Cp;) 

(qSb/2V2em cos Bo)CL; 
10 (GSe/2VFm)(sin Bo Cr, + cos Bo Cy,) 1.0 — (G5b/2V2m)(sin Bo Cp, + cos Bo Cy,) 

(2-63) 

The inverse of the C matrix, C~!, can be expressed as a partitioned matrix in terms of the matrix subpar- 

titions of the C matrix as 

(2-64) 

The elements of the A’, B’, H’, and F’ matrices can be determined using the C-! matrix defined in 
equation (2-64), the A, B, H, G, and F matrices, and the definitions for A’, B’, H’, and F’ given in 
equations (2-21), (2-22), (2-38), and (2-39). 

3 CONCLUDING REMARKS 

This report derives and defines a set of linearized system matrices for a rigid aircraft of constant mass, flying 
in a stationary atmosphere over a flat, nonrotating earth. Both generalized and standard linear system 
equations are derived from nonlinear six-degree-of-freedom equations of motion and a large collection of 
nonlinear observation (measurement) equations. 

This derivation of a linear model is general and makes no assumptions on either the reference (nominal) 
trajectory about which the model is linearized or the symmetry of the vehicle mass and aerodynamic 
properties. 

Ames Research Center 

Dryden Flight Research Facility 

National Aeronautics and Space Administration 

Edwards, California, January 8, 
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APPENDIX A—AERODYNAMIC FORCES AND MOMENTS 

The aerodynamic forces and moments acting on an aircraft are the result of multiple factors whose signif- 

icance varies with flight condition as well as from vehicle to vehicle. In general, these forces and moments 

are nonlinear functions primarily of Mach number, angle of attack, angle of sideslip, altitude, rotational 

rates, and control-surface deflections. For the purposes of this report, the aerodynamic forces and moments 

are assumed to be functions having the following form: 

F = 8(a,G,V,h, p,q, 7, &, B, 51, ..-,6n) (A-1) 

where F is an arbitrary force or moment, ® is an arbitrary function, and the 6; are the n control surface 

deflections. These forces and moments are related to the nondimensional force and moment coefficients by 

the equations for the forces, 

D=qSCp (A-2) 

Y = qSCy (A-3) 

L = GSC, (A-4) 

and the moments, 

L = qSbC, (A-5) 

M = GS, (A-6) 

N = qSbC, (A-7) 

where 6 is reference span and é is reference aerodynamic chord. 

While the nondimensional aerodynamic force and moment coefficients are themselves nonlinear func- 

tions of the vehicle states, time derivatives of the vehicle states, and the control surface deflections, these 

coefficients are commonly expressed in linear form in terms of partial derivatives of these coefficients with 

respect to the functional variables. These linear equations for the aerodynamic force and moment coeffi- 

cients are derived in the same way as the linearized system equations (section 2); therefore, this derivation 

will not be repeated here. These linear equations are 

Ch = Cry + Cia@ + Chgf + CLR + CLyV 

+ 32 C146: + Chph + Ctgd + Cha? + Chak + CL,B (A-8) 
i=1 

Cp = Co +Cp,at+ CoP + Cp,h + Copy V 

+ > Cp,,6: + Co, B + Co,4 + Co. ? + Co,&+ Co, 8 (A-9) 
i=1 

Cy = Cy,+Cy,a+ Cy,8 + Cy,h+ CyyV 
n a 

+> Cy, 6: + Cy,p + Cy,¢ + Cy,? + Cy,4 + Cy, 6 (A-10) 
i=1 

Ce = Cay + Ce + Cag 8 + Co,h t+ Ce, V 
n $ 

+ 32 C05, 5: + Cob + CoG + CoP + Cea + Ce,8 (A-11) 
i=1 
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Cin = Cin + Cra + Cg + Cyl + CmyV 

+ > Crs, 6; + CmpP + Cm4 + Cn,? + Cm + C'm;8 (A-12) 

t=1 

Cn = Crp + Canad + Cng8 + Cnyh + CnyV 
n ? 

+ > Ong, 65+ Cn,D + Cr + Cn? + Cra + CrP (A-13) 
i=1 

where C¢, is the value of the coefficient along the nominal trajectory and the notation C¢, is defined as 

_ Ie 
7 Oz 

with Cg being an arbitrary force or moment coefficient and z being an arbitrary state, time derivative of state, 
or control-related parameter that for the usual derivatives is nondimensional. However, the derivatives with 
respect to altitude and velocity are not taken with respect to a nondimensional quantity. The definitions 
of these nondimensional stability and control derivatives are given in terms of the coefficient Ce. The 
nondimensional stability derivatives are defined as 

Ce (A-14) 

Ce = ace (A-15) 

Ce, = = (A-16) 

Ce, = Hay (A-17) 

Ce, = Fein (A-18) 

Cz, = xb (A-19) 

Ca = aD (A.20) 
Ce, = Tao (A-21) 

The two other stability derivatives are not nondimensional and are defined as 

Ce, = oct (A-22) 

Ce, = a (A-23) 

The control derivatives are defined as 

Ces, = a (A-24) 

32



The rotational terms in equations (A-8) to (A-13) are nondimensional versions of the corresponding vari- 

able with 

p= 32 (A-25) 

i= (A-26) 

f= se (A-27) 

a= a (A-28) 

p- 8 (420) 
Because the Cg, terms are included, the force and moment coefficients are total force and moment coefficients. 

The state, time derivative of state, and control parameters on the right-hand side of equations (A-8) to 

(A-13) are differentials. 
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APPENDIX B—-DERIVATION OF THE WIND AXIS 

TRANSLATIONAL PARAMETERS V, a, AND 6 

The derivation of the wind axis translational acceleration parameters is based primarily on the definitions 

in equations (1-9) to (1-14), the body axis translational acceleration equations (1-56), and the expression 
of the force terms defined in equation (1-53). In the following sections, each of the wind axis transla- 

tional acceleration terms is derived separately after stating some preliminary definitions applicable to all 

calculations. 

B.1 Preliminary Definitions 

Equation (1-56), 
6 
ét 

can be expanded, using equations (1-54), (1-55), and (1-26), to 

v-sFr-axv 
m 

u (1/m)(X7p + X,+X,) + rv — qu 
o| = |(1/m)(Y¥r+ Yat Y,) + pw—ru (B-1) 

w (1/m)(Zr + Za + Zz) + qu— pv 

The body axis aerodynamic forces can be rewritten in terms of the stability axis forces lift L, drag D, and 

sideforce Y: 

X, = —Dcosa+Lsina (B-2) 

Y, = Y (B-3) 

Z, = —Dsina — Lcosa (B-4) 

The gravitational forces can be resolved into body axis components such that 

X,g = —mgsin@ (B-5) 

Y, = mgsin ¢cos 6 (B-6) 

Z, = mg cos ¢cos 8 (B-7) 

These equations will be used in the derivations of the V, &, and B equations. Thus, the total forces in the 

body axes can be defined and expanded as 

DX = Xy—-— Dcosat Lsina — gmsin§ (B-8) 

LY = Yr +Y + gmsin dcos6 (B-9) 

“LZ = Zr — Dsina — Lcosa+ gmcos ¢cos 8 (B-10) 

B.2 Derivation of V Equation 

Beginning with the definition of V in terms of u, v, and w in equation (1-12), 

35



the equation for V becomes 

,_ 7d da 24 9 2)1/2 
=—~V=— -11 V rad FAC +v* + w*) | (B-11) 

which after expanding the derivative and cancelling terms, becomes 

. 1 
V= p (uu + vd + ww) (B-12) 

By substituting the definitions for u, v, and w from equations (1-9) to (1-11) and cancelling terms, equa- 
tion (B-12) yields ; 

V = tcosacos# + bsin 8 + wsinacos ZB (B-13) 

The definitions for u, 9, and w in equation (B-1) are now used with equation (B-13) to give 

Ve= cos a.cos By + X7 + Xz) + cosacos B(rv — qw) 

+ ney, + Yr + Y,) + sin O(pw — ru) 

sin a cos 3 
(Za + Zp + Zz) + sin acos B(qu — pv) (B-14) 

Expanding (B-14) in terms of equations (B-2) through (B-7) and cancelling yields 

: 1 
Ve= Tl Pos B+ ¥ sin 8 + Xr cos acos@ + Yrsin§ + Zr sin acos 

— mg(cos a cos # sin 6 — sin 6 sin ¢cos @ — sin a cos cos ¢ cos 8)] 

+ rucosacos § — qwcosacos 8 + pwsin 8 — rusin B 

+ qusinacos 8 — pusin acos B (B-15) 

Equation (B-15) can be simplified by recognizing that the terms involving the vehicle rotational rates are 
identically zero, which becomes obvious after substituting for u, v, and w in these terms. Thus, the final 
equation becomes 

. 1 
V= 7,17 Deosh + ¥ sin B + Xp cosacosf + Yrsin 8 + Zr sin acos B 

— mg(cos a cos f sin @ — sin 8 sin ¢ cos 8 — sin a cos 3 cos cos 6)] (B-16) 

B.3 Derivation of & Equation 

The equation for @ can be derived from the definition of a in equation (1-13), 

a = tan} * 
U 

Taking the derivative of a with respect to time, 

~ dt. dtu (B-17) 

then expanding and cancelling terms, the equation becomes 

1 . 
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Substituting the definitions of u and w from equations (1-9) and (1-11) into equation (B-18) gives 

w cosa — usina 
+= B-1 
° V cos B (B-19) 

Using equation (B-1) to substitute for % and w and equations (B-8) to (B-10) to define the forces, 
equation (B-19) becomes, after rearranging terms, 

a= es + Zp cosa — Xp sina + mg(cosacos ¢ cos # + sin asin 6)] 
Vm cos 8 

+ V ot cosa — pucosa@ — rvsina + qwsina) (B-20) 

which after substituting for u, v, and w from equations (1-9) to (1-11) and combining terms gives 

1 

~ Vmcos B 

+q-—tan 6 (pcosa+rsina) (B-21) 

Gr [-L + Zy cosa — Xz sin a + mg(cosacos cos # + sin asin )| 

B.4 Derivation of § Equation 

The equation for B is derived from the definition of 6 as given in equation (1-14), 

- 1 UV 
= sin _— GB=si 7 

Taking the derivative of 3 with respect to time yields 

- 1 VU » d d 
B= ae = 35a (B-22) 

which becomes, after expanding the derivative, substituting for V, and cancelling, 

B= 5 [-itcos asin B + bcos — wsinasin f] (B-23) 

Using equation (B-1) to substitute for u, 0, and w and equations (B-8) to (B-10) to define the forces, 

A 1 
B= 7d i cos asin 8 (—-Dcosa+ Lsina + X7 — mgsin 6) + cosB (Y + Yr + mgsin ¢cos 8) 

— sinasin # (—Dsina — Lcosa + Zp + mg cos ¢cos 6)] 

1 
+ yl- cos a sin 6 (rv — qw) + cos 8 (pw — ru) — sinasin B (qu — pv)| (B-24) 

Substituting into equation (B-24) for u, v, and w and rearranging terms yields the final equation 

: 1 - 
B= Ty lh sin 6 + ¥ cos 6 — Xqcosasin#+ Yreos 8 — Zrpsinasin 8 

+ mg(cos asin 6 sin 0 + cos B sin ¢ cos 6 — sin asin 8 cos ¢cos 4)] 

+ psina—rcosa (B-25) 
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APPENDIX C—GENERALIZED DERIVATIVES 

The equations defining the time derivatives of the state variables (derived in sections 1.2.1 to 1.2.4) and those 
defining the observation variables (presented in sections 1.3.1 to 1.3.8) are used to determine the generalized 
partial derivatives of the quantities with respect to a dummy variable £. The purpose of these generalized 

derivatives is primarily to facilitate the derivation of the terms in the linearized equations presented in 
section 2.4; however, these equations have also proved to be useful for computer programs and were used 

to verify the results obtained using LINEAR (see Duke and others, 1987). 

C.1 Generalized Derivatives of the Time Derivatives of State Variables 

Equations (1-39) to (1-41) define the rotational accelerations of the vehicle. These equations are used to 
determine the generalized derivatives of these quantities. 

ap) 4 OL . 0M _@N | Oly | OMy  _ ON 
OE > detl I a bE + I= OE + 1 = OE +h BE +12 BE + I3 BE 

~ [2p(Inel2 _ IryI3) a qezhy ” Tyzdo _ D,Is) + r(Inyly + DyIn - Tyz13)| = 

+ [peel _- Iyzte _ D,I3) + 2q(Lycl _- IgyI3) _- (Dh _- IpyIo + Teyla)] 5 De 

», _ (poy + Dyn _ Iyz13) + q(Di _ Inylo + Iy2I3) + 2r(Lyzh ~ Ip21o a} (C-1) 

ag) _ 1 { OL OM ON OLry OM ONT 
= Tal l= BE +14 pe ts ge 12 aE +I, ae + Is ae 

0 
— [2p(Iezl4 — Inyls) — q(Ieel2 — Iysts — Dz Is) + (Teyl2 + Dyla — IyeTs)] 5 

6) 
+ (p(Inzo - Tyzl4 - D,IJs5) + 2q(Lyzl2 _ IpyIs) 7 r(Dzle ~ Igy, + TzyI5)) 3 

o 
- [p(LryI2 + Dy Ig _ Iy2Is) + (Dele _ Ipyls + IzzJs5) + 2r[Lyzlo - I,z 14] ai (C-2) 

a(i) {2 4 OM _ ON. Oly | OMy | ONq 
Be = detl I. DE Is oe te oe +h 5g ts Be + Ig BE 

6) 
_ [2p(IneIs _ IzyIe) - qr I3 _ TyzIs _ D_Je) + r(IsyI3 + D,Is _ IyzIe)] 5e 

6) 
+ [pUz2ls 7 LyzTs _- D_Ig) + 2q(Lyel3 _ Izy Ie) _ r( Del _ Igyls + I,2I6)| 3 

0 
7 [(p(Leyls + DyIs — TyzI6) + q( D213 — Lryds + Tr2I6) + 2r(Lyzt3 _ I,215)} x} (C-3) 

The quantities I), I2, I3, I4, Is, Ie, Dr, Dy, Dz, and det J are defined in equations (1-32) to (1-38) and 
(1-42) to (1-44). 

Equation (1-50) defines the decoupled rotational accelerations of the vehicle (p’, q’, and r), which are 
used to determine the generalized derivatives of the decoupled quantities: 

Ap’) _ 1 7OL , abr 
0 clase + 3 OE 

_ (pIny _ ql, + 2rlee + qI,) %y (C-4) 

0 
—(r tly ales) $2 et (pez + rly + 2qInz — rl,) 7e 
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“0 _ r Es 4 oe — (rly + Gl yz + 2plzz — Iz) 3 + (rIey — plyz) i 

~ (ply — ley — 27Izz — plz) Al (C5) 
1) z Ee + aE + (In + tl yz + 2pley — aly) 3 + (ple — rhe ~ 2qIay ~ Ply) 5e 

~ (qlaz — plyz) 4 
(C8) 

Equations (1-58) to (1-60) define the translational accelerations of the vehicle. These equations are used 
to determine the generalized derivatives of these quantities: 

ae = ={-« cos 5 + cosacos 9 x Pasi ing OX OE et sin cos FE 4 si np St 

+[- Xrsinacos 8 + Zp cosa cos 3 + mg(sin O sin a cos B 

+ cos # cos ¢ cos a cos 3)] — 5 

+ [Dsin 6+ Y cos 6 — Xqsin B cosa + Yp cos GZ — Zysinasin B 

+ mg(sin 6 cos asin GB + cos @ sin ¢cos B — cos 6 cos $ sin asin B)] Be 

— mg(—cos8 cos din 8 + cos 8 sin d sin a cos ) 9% DE 

00 ~ mg(cos @ cos a cos Z + sin @ sin ¢sin 8 + sin 6 cos d sin a cos f) xe (C-7) 

O(a) _ 1 ( OL OZy . a) - Op Oq 
ae = TaV cosB ~ BE T0084 aE — sina aE tan Bcosa Se + 5 - tan Bsina 5, 

{ 1 nag — Xpsina + mg(cos6 cos p cosa + sin 8 i} _ mV? cosB T COS o T sin g(cos@ cos ¢cosa + sin @ sina ae 

1 . . . + {rag 2 sina — XT cosa — mg(cos@ cos ¢sin a — sin 8 cos a) 

+ tan @ (psin a — rcosa) \ 
0g 

tan G \ + {areal + Zpcosa — Xysina 

+ mg(cos @ cos ¢cos a + sin sin a)] — q(P cosa +rsin ay} o 

g . Og g . . 068 _ Cass. cos 9 sin ¢ cos a) De ~ inte ¢ cos @ — cos @ sin a)| Be (C-8) 

40



a(p) _ 1 [: dD OY _ , OXt Or 21) 
oe 7 V sin B DE + cos 8 DE cosa sin 8 DE + cos 8 DE sin asin B —e 

P rosa on + sina 5p COS O Fe 

OV 
+ mg(sin @ cos asin 3 + cos @sin ¢ cos 8 — cos 6 cos dsin asin f)] a 

+ {ltr sinasin G — Zp cosasin # + mg(— sin @ sina sin B — cos @ cos ¢ cos asin @)} 

+ pcosa + rsina} oa 

+ —,[D cos 6 ~ ¥'sin 8 ~ X.c0s cos 8 — Yr sin 6 ~ Zr sin acos f 

-+- mg(sin @ cos a cos 8 — cos @ sin ¢sin 8 — cos @ cos sin a cos f)| o 

o¢ 
0g 

+ Z(cos 6 cos ¢cos 3 + cos @sin dsin asin 3) — 

+ (cos 6 cos asin 8 — sin @sin cos Z + sin Ocos Psin asin 3) — 
0 

Equations (1-66) to (1-68) define the vehicle attitude rates. These equations are used to determine the 
generalized derivatives of these quantities: 

4) _¢ 3 + sin dtan8 st + cos¢tan0 at (qcos ¢tan @ — rein ptan@) i 

+(qsin ¢sec” 6 + rcos psec” 9) 2 ne (C-10) 

=e os¢ 24 5e sing 2 58 — (qsin d + rcos ¢) ae (C-11) 

el = sing@sec? — BE 14 cosdseco 2% ae ~ + (qcos psec O — rsinosec 6) 2f ie 

06 
+ (qsin @sec # tan 6 + rcos @sec # tan @) — DE (C-12)



Equations (1-72) to (1-74) define the earth-relative velocities of the vehicle. These equations are used 
to determine the generalized derivatives of these quantities: 

a(h) = [cos # cos asin 6 — sin Bsin d cos 6 — cos § sin a cos ¢ cos 6] ov € 0g 
. . 0a — V(cos Z sin asin 6 + cos 8 cos a cos ¢ cos 6) BE 

. . . . . OB — V(sin 6 cos asin 6 + cos B sin ¢cos 6 — sin 6 sin a cos ¢ cos 6) BE 

. . . Og ~ V(sin 6 cos ¢cos @ — cos Gsin asin ¢ cos 6) 3E 

. . . . . 00 + V(cos B cosa cos 6 + sin sin dsin 6 + cos Bsin acos @sin 0) DE (C-13) 

“ne = [cos B cos a cos 8 cos w + sin 8 (sin ¢sin 6 cos ~ — cos dsin w) 

. . . . OV + cos f sin a (cos dsin 6 cos p + sin dsin p)] DE 

— V[cos 8 sin a cos 8 cos op — cos f cos x (cos $ sin 9 cos y + sin gsin p)] ae 

~ V[sin 8 cos a cos @ cos p — cos #sin dsin 8 cos  — cos dsin 

+ sin # sin @ (cos Psin @ cos ~ + sin dsin wy] 

+ V[sin @ (cos ¢sin 6 cos + sin d sin ~) — cos sin a (sin dsin 6 cos — cos psin ~)] - 

. . . . 00 — V[cos @ cos a sin 6 cos » — sin § sin ¢ cos 6 cos ~ — cos @ sin a cos ¢ cos 6 cos x] BE 

— V[cos 6 cos a cos Osin w + sin J (sin @sin 0 sin + cos @cos ) 

+ cos @ sin a (cos Psin 8 sin ~ — sin cos w)] ie (C-14) 

a = [cos B cos a cos sin p + sin B (cos dcos ~~ + sin dsin @ sin p) 

+ cos § sin a (cos ¢sin @ sin w — sin ¢cos b)] a 

0a — V[cos sin a cos 6 sin  — cos 8 cos a (cos ¢ sin @ sin  — sin dcos w)| be 

— V[sin 6 cos a cos 6 sin py — cos 7 (cos décos p + sin dsin 6 sin w) 

+ sin 6 sin a (cos sin 8 sin y — sin ¢cos p)] ae 
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— V[sin 6 (sin ¢ cos p — cos ¢sin O sin p) + cos # sin a (sin dsin A sin p + cos ¢ cos )] i 

00 
— V(cos 2 cos asin Osin y — sin B sin ¢ cos 6 sin p — cos @ sin a cos ¢ cos 6 sin p) DE 

+ V[cos @ cos a cos 6 cos # — sin § (cos dsin p — sin dsin A cos ) 

+ cos # sin a (cos dsin 0 cos p + sin dsin y)| ne (C-15) 

C.2 Generalized Derivatives of the Observation Variables 

The vector equation (1-90) defining the body axis kinematic accelerations is used to determine the gener- 

alized derivatives of the individual body axis accelerations: 

A(arx) 1 [xs _ aD L a6 . 

DE gom | Oe cos @ OE + sina =~ OE +(Dsina +L cosa) 2% e — gmcos6 — BE (C-16) 

O(ayx) 1 Ee ay ad an ; 

dE ~ gom| ae + DE + gmcos6 cos ¢ — BE — gmsin 8 sin oe (C-17) 

O(a2) _ 1 Ee : OD OL . da 

dE  gom| oe — sin a be — cos & BE ~ (Deosa — Lsina) oe 

—gm cos 6 sin len gmsin 6 cos na (C-18) 

Vector equation (1-91) defines the output of body axis accelerometers at the vehicle center of gravity 

and is used to determine the generalized derivatives of the individual body axis accelerometers: 

7 _ a Ke ~ cosa oe +sina ne + (Dsina+ L cosa) ae (C-19) 

we ~ om (Fe + ) (C-20) 

O(az) _ 1 O27 . OD aL da 

dE gom aE — sina OE — cosa BE — (Dcosa — Lsina) Fe (C-21) 

Using equation (1-93), the generalized derivative of the output of a normal accelerometer at the vehicle 

center of gravity can be expressed as 

Gdn | OZ 
o€ ~ gom 

D OL 
—og tsina ae OE + cosa => Be + (Dcosa — Lsina) se (C-22) 

The vector equation (1-95) defining the output of orthogonal accelerometers aligned with the body axes 

but displaced from the vehicle center of gravity is used to determine the generalized derivatives of these 
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quantities: 

Oazi) _ Gaz, 1 op _ og Or, OG | | ; 0€ OE € 
O(a, ; fe) 1 re} re) fe} OD Or oa = 3 ~ bo [(2puy — qty) BE — (pty + rzy) By — (q2y — 2ryy) 3 +z BE ~ fy | (C-24) 

Odzi) Oa, 1 _ dp _ gq | Or op oq . BE OE do (ep, rZz) BE + (2qzz — ryz) De (p22 + qyz) a6 ¥ Be +2, =a (C-25) 

Equation (1-96) defines the output of a normal accelerometer aligned with the z body axis but not located 
at vehicle center of gravity, Gn,i- This equation is used to determine the generalized derivative of ani: 

O(n) _ Odn 

d€ “OE 
1 Op oq Or op ag 

+o [(ep-. — 7Zz) je + (2qz2 — rye) BE (prz + qyz) ae v2 Bg + 5 (C-26) 

In equations (C-20) to (C-23), the partial derivatives of the vehicle rotational rates with respect to the 
dummy variable € are defined by equations (C-1) to (C-3). The partial derivatives of the outputs of the 
body axis accelerometers at the vehicle center of gravity are defined by equations (C-16) to (C-19). In these 
equations, as before, the subscripts z, y, and z refer to the 2, y, and z body axes, respectively, and the 
symbols z, y, and z refer to z, y, and z body axis locations of the sensors relative to the vehicle center 
of gravity. 

Using equation (1-97), the generalized derivative of the load factor can be defined as 

Xn) 1 aL OE = hg bE (C-27) 

Equations (1-98) to (1-105) define the air data parameters of interest for this report. These equations 
are used to determine the generalized derivatives of the air data parameters: 

O(a) _ 0.700 ar 
2§ —— poTo[1.4(po/poLo)]'/? 9€ 

(C-28) 

Avi _ Ya (C-29) 

+— so - Fe | (C-30) 

a6 OE pe a? BE 3) 
Ht = pV +e (C-32)



( Oa [(1.0 + 0.2M!?)35 — 1.0] ri 

+ 1.4M(1.0 + 0.2M?)?5p, oM (M < 1.0) 

8( qe) 2(_5.76M?__\*” Oda 
7 = 4 [12M (5 6M? — ) ~ 1.0) Je (C-33) 

2.5 1.5 5.76M 2 (_5.76M? 
+Pa {2 4M Gaz va) + 3.0M (= 88 —0 3) 

9.216M _] OM 
{ fear - | ae} (M 2 1.0) 

( 1.4M(1.0 + 0.2M?)25 ou (M < 1.0) 

A(qe/Pa) _ | fo aM ( 5.76M? ) + 3.00 ( 5.76M? )" (C-34) 
ae) on 56M? -0.8 5.6M2 —0.8 

9.216M aM 
L Fea — fl} “OE (M > 1.0) 

OT) _ 2) OT OM 5e = (10+ 02M?) Ze + 0ATM (C-35) 

In the preceding equations, the generalized derivative of Mach number appears several times. This term 

can be expanded using equation (C-29). 

The definitions of the flightpath-related parameters are presented in equations (1-106) to (1-108). These 
definitions are used to derive the generalized partial derivatives of the flightpath-related parameters: 

Ay) ____1 _[_h av | dh 
OE (V2 — f2y1/2 | V O€ + 7 | (C-36) 

A(fpa) 10V 
=o C-37 

og g 9 (37) 

(h) _ . Od 
6 = [—a,,, cos dcos 6 + a, sin ¢ cos 8] DE 

. . . » 08 
+ fa, cosO + ay, sin dsin 6 + az, cos psin 9] 3E 

. Oar _ Ody, _ 042% 
+ sin 6 BE sin cos 8 BE cos $ cos 8 BE (C-38) 

The partial derivatives of altitude rate A and velocity rate V that appear on the right-hand side of these 

equations are defined in equations (C-13) and (C-7), respectively. The partial derivatives of the body axis 
accelerations appearing in equation (C-38) are defined in equations (C-16) to (C-18). 
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Using equations (1-109) and (1-110), the generalized derivatives of the energy-related parameters are 
defined. The partial derivatives of altitude rate and velocity rate appearing in equation (C-40) are defined 
in equations (C-13) and (C-10), respectively: 

(Bs) _V OV, Oh 
0g g9 0§ OE 

O(F,) = V ov Vv av, oh 

0g g9 08  g OF © AE 

(C-39) 

(C-40) 

The derivatives of the force parameters, lift (eq. (1-111)) and drag (eq. (1-112)), are defined in sec- 
tion D.1. The generalized derivatives of the normal force (eq. (1-113)) and the axial force (eq. (1-114)) are 
presented in terms of the generalized derivatives of the lift and drag forces: 

O(N) _ OL. aD ae da oe = cosa ae sina Ge — (Lsina D cosa) ae (C-41) 

OA). AL OD _ ; da v6 = sin ae + cosa ae (L cosa + Dsina) BE (C-42) 

The body axis rates are defined in equations (1-9) to (1-11). The time derivatives of these terms are 
defined in equations (1-115) to (1-117). These equations are used to derive the generalized derivatives of 
the body axis rates and accelerations: 

“pe = cos acon FE — Vin acosp $2 — V eosasing 8 (C-43) 

= = sin B Fe + Veosp oe 
(C-44) 

= = sin cos Se + V con cos p 22 — V sinasina 22 (C-45) 

a - we (Ger 2080 FP + sina 32) —Vsinavcos 8 SE + Vsin 8 oP 

+ (rsin 8 gsin a.cos 8) 5 4 [Fr(Dsina + Leos) ~ qV eos aos | ne 

+ (rV cos 8 + qV cosasin B) — 9 cos @ z (C-46) 

aD = 2 (Get Ge) + V sine cos $2 — V eosacos 

+ (Psin cos — rcoscxcos 8) Fe + (pV cosacos + rV sina cos) 2 

~ (PV sin asin ~ r¥ cosasin 6) Fe + geoss cos 5° — sin Bsin go Me (C-47) 
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V si np 2 +V cosacoss $f sin a =~ — cosa 
Aw) 4 (2s _.. OD an 

7 og ag 0g 
. ov 1 ; . 0a 

+ (qcos a cos § — psin B) OE [noe — Lsina) + qV sin acos | BE 

4 V a) 2 =~ — gcos@sin ¢ =~ o¢ sin 8 cos 06 (C-48) — (qV cosasin 6 + pV cos ie g DE —g be 

The outputs of various instruments displaced from the vehicle center of gravity are defined in equa- 

tions (1-118) to (1-121). These equations define angle of attack, angle of sideslip, altitude, and altitude rate 

instrument outputs. The generalized derivatives of the quantities are based on these equations: 

0(a@,:) _ Ya Op Le Og ( ope) S ov da C-49 

“ae  voetvoe \ Vv? ) 07 BE (49) 
O(Bi) _ _% Op , xg Or or) OV. OB ; 

eV TV bE \ WBE Tt 8 (6-50) 
Ohi) . d¢ 
ae ( y,.cos cos 6 + 2, sin gcosd) © 5g 

+(a;, cos 0 + yp, sin dsin 6 + z_ cos psin 9) 5 5 + oF (C-51) 

one = en sin pcos 8 + 2; cos dcos 8) + acy, cos fsin 8 — z, sin dsin 6)| ae 

. . 0 
+ |- 6(x; sin 8 — y; sin dcos 6 — z; cos pcos 6) + $(yj, cos dsin 9 — asin gsin8)| i 

6 
— (yj, cos pcos # — z; sin dcos A) ae + (xj, cos + y, sin dsin 6 + z; cos ¢sin A) - 

dh 
aS C-52 +36 (C-52) 

The generalized derivatives of bank angle rate, pitch attitude rate, and altitude rate with respect to the 
dummy variable £ are defined in equations (C-10), (C-11), and (C-13), respectively. 

The final set of observation variables is defined in equations (1-122) to (1-125). These equations, defining 

total angular momentum and the stability axis rotational rates, are used to determine the generalized 

derivatives of these quantities: 

= (Iep ~ Tey ~ Tear) 2B 3E E+ (Iyd — Tey? — Iyer) 5 + (er ~ Inzp — Iyz4) a (C-53) 

ee = cosa se +sina 7 (psin a — r cosa) ae (C-54) 

ae _ a 
(C-55) 

ae = -—sinag st + cosa er + (-pcosa — rsin a) 22 5 (C-56) 
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APPENDIX D—EVALUATION OF DERIVATIVES 

The generalized partial derivatives presented in equations (C-1) to (C-56) contain partial derivatives of the 
state variables, thrust forces, and total aerodynamic forces and moments with respect to the dummy variable 
€. In this appendix, these partial derivatives are defined with respect to specific state, time derivatives of 

state, and control variables. The derivatives of atmospheric parameters are also discussed. 

D.1 Preliminary Evaluation 

First, the partial derivatives of the state variables with respect to the state, time derivatives of state, and 

control variables are considered. All partial derivatives of the state variables with respect to the state 

variables are either equal to zero or unity. Thus, 

Op O¢q Or OV @da OB O¢6 40 Ab Oh Ax Oy 

Op Oq Or OV Oa OB Ad 86 AY Oh Ox dy 

and all other derivatives of state variables with respect to state variables are equal to zero. The partial 

derivatives of the state variables with respect to the time derivatives of the state variables (a and £, in 

particular) are equal to zero. This is also true of the partial derivatives of the state variables with respect 
to the control variables. 

Second, the partial derivatives of the aerodynamic forces and moments with respect to the state, time 

derivatives of state, and control variables are evaluated. Using the definitions of the force and moment 

coefficients presented in appendix A, the partial derivatives can be explicitly evaluated in terms of the 
stability and control derivatives. 

D.1.1 Rolling moment derivatives,— 

on - re (D-2) 

be = re (D-3) 

or = orc (D-4) 
ae = SbpVCr + G5bCp, (D-5) 

oe = 4SbC:, (D-6) 

io = 7SbC1, (D-7) 

ad = 550V7C% 7p + 95bCo, (D-8) 

53 - 1 oe (D-10) 

x = gSbC%,. (D-11) 
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D.1.2 Pitching moment derivatives.— 

GS be 

av"? 
ge 

2V Cig 

qSbe 

2V Cme 

GSE 
—cC 
QV me 

GSC m, 

i 
2 
qc? 

2V 
GSbe 

2V Cm, 

_ 0 _— StV?Cm AP + GS@Cm, 

Cima 

GSC ng 

D.1.3 Yawing moment derivatives.— 

qSb? 

2V Cn 
qs be 

2V Cng 

qSb? 

2v°"" 

SbpVCy, + GSbCry 

~SbV°C, => + GSbCn, 

(D-12) 

(D-13) 

(D-14) 

(D-15) 

(D-16) 

(D-17) 

(D-18) 

(D-19) 

(D-20) 

(D-21) 

(D-22) 

(D-23) 

(D-24) 

(D-25) 

(D-26) 

(D-27) 

(D-28) 

(D-29) 

(D-30) 

(D-31)



D.1.4 Drag force derivatives.— 

D.1.5 Sideforce derivatives.— 

SpVCp + Cp, 

gSCp, 

gSCb, 

loi, OP, - 
50 Cp 57 + WSC, 

SpVCy + @SCyy 

qSCy, 

gSCy, 

lon OP, _ 
35V Cy an t 1 O¥n 

(D-32) 

(D-33) 

(D-34) 

(D-35) 

(D-36) 

(D-37) 

(D-38) 

(D-39) 

(D-40) 

(D-41) 

(D-42) 

(D-43) 

(D-44) 

(D-45) 

(D-46) 

(D-47) 

(D-48) 

(D-49) 

(D-50) 

(D-51) 
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D.1.6 Lift force derivatives. — 

aL Gqsb 
— = D-52 
dp 2V CLp (D-52) 
aL qe —- #26 D-53 
Oq 2V CL, (D-53) 
OL _ qSb 
On = oy Cle od) 
OD x spVCL + aSCLy (D-55) OV 

a = GSCL, (D-56) 
a 

OL ag = ICs (D-57) 

OL 1... Op. _ Dh = go Cu 5p + ISCun (D-58) 
OL qSé 
3a = ay Cle (D-59) 
OL _ qSb ap 7 2 Ck (D-60) 

OL = GSCL,. (D-61) Os: ; 

Next, the partial derivatives of the powerplant-induced forces and moments with respect to the state, 

time derivative of state, and control variables are considered. The partial derivatives of the powerplant- 
induced forces and moments are assumed to be zero except for moments taken with respect to the body 
axis rates (p, q, 7), moments and forces taken with respect to the velocity and velocity orientation terms 
(V, a, 8), and forces taken with respect to the control variables. These terms, assumed to be nonzero, are 
taken as primitives and not evaluated further. Thus, using F, to represent a powerplant-induced force (X7, 
Yr, and Zr) and M, to represent a powerplant-induced moment (Lr, Mr, and Ny), 

OF, OF, OF) OF, OF, OF, OFp _ _ _ (D-62) 
dp = 0g)s—i«< rs si Hsi—si sO siCiRC CY : 

OM, OM, OM, 9M, OM, OM, OM 
P _ - 

ad 06. db Oh Oz dy 06, 9° (D-63) 

tt 

d 
“ OF, OF) OF, OF, OM, OM, OM, OM, OM, OM, 

OV’ da’ OB’ 06;’ Op’ dq’ Or’ OV’ da’ a 
are taken as primitives and not evaluated further. 

The final set of partial derivatives to be discussed are the derivatives of atmospheric parameters with 
respect to the state, time derivative of state, and control variables. In this report, all atmospheric parameters 
are assumed to be functions of altitude only. Thus, except for 

OT Op OH. 4 APs 
8h? Oh’ dh Oh’ 

all derivatives of ambient temperature, density, viscosity, and ambient pressure are assumed to be equal 
to zero. The nonzero quantities listed previously are dependent on an atmospheric model. Clancy (1975), 
Dommasch and others (1967), Etkin (1972), and Gracey (1980) present discussions of atmospheric models. 
In this report, the quantities will be taken as primitives and not evaluated further. 
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D.2 Evaluation of the Derivatives of the Time Derivatives 

of the State Variables 

The generalized derivatives of the time derivatives of the state variables are defined in appendix C, equa- 

tions (C-1) to (C-15). In this section, these generalized derivatives are evaluated in terms of the stability 

and control derivatives, primative terms, and the state, time derivative of state, and control variables. In 

this section, the notation 0(x;)/0z; is used to represent the more correct notation Of;/Oz; that is employed 

in the discussion at the beginning of section 3. This notation is used because there is no convenient no- 

tation available to express these quantities clearly—particularly not the usual notation employed in flight 

mechanics texts such as Etkin (1972) and McRuer and others (1973). The notation that defines quantities 

such as Lp = O(p)/Op and M, = O(q)/0q is misleading in this context because the definitions of those terms 

(such as Ly, M,) are based on assumptions of symmetric mass distributions, symmetric aerodynamics, and 

straight and level flight, and additionally do not include derivatives with respect to atmospheric quantities. 

D.2.1 Roll acceleration derivatives.— 

Ap) 1 «aso 
Dp = detT [ave tC + 

gSé OP) E py eC + 

+ Polezh _ IyzIn _ D_Is) + sual h _ 

OL 
a4 

O(p) _ 1 raSb 

Or det J | ayy of1bCe + 

_ OLy OMy ON 
IheCm, + I3bCn,) + 5 + Dp + Dp 

BF OM, ONT 
IneC'm, + I3bCn) Og + Og 

OMy ON T, OAT 
m b nN 1neC ,+ Ca.) + or 

— poUleyly — Dyl2 - IyzIzs) — qo(Deh - 

Or Or 

IpyTo + I,13) 

IeyIs) _ ro De _ IeyT2 + IpzI3) 

- 2ro(Iyzh _” Inz12) 

0) — 1 S0(pVeCe + Gey) + FSepVoCm + Imy) 
+ Is8B(pVoCn + TCny) + Ih “a +h - +4 1 

ae) = a0 {[as(nice, + In6Cm. + IsbCn.) +h eas +t Fe tds Fe 

a = Fopp |B UibCey + 122mg + IabCng) + I a +h a8 +i 7 | 
O(6) _ 
a¢ 

” =0 

we =0 

20 = Sali (uate cn) +4 (en M40 1 
+ Isb (Gv Ch op 

dh + Cnn) 

7 2po(Tezte _ IzyI3) + go(Iezl _ Lyzto _ D_Is3) _ To(Layli + Dylo — Iyz)| (D-64) 

(D-65) 

(D-66) 

(D-67) 

(D-68) 

(D-69) 

(D-70) 

(D-71) 

(D-72) 

(D-73) 
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O(p) _ 
dx 0 

Op) _ 
Oy 

O(p) gSe 
0G ~ BV de = (hbCt, + IntCm, + I3bC;,., ) 

O(D GSb 

Ae 

AP) = de ca + + InC ing, + I36C ng. ) 

D.2.2 Pitch acceleration derivatives — 

O(4) _ ol = OL OMr ONT 
Op = Geil | ay, 20Ce + I40C'm, + I56Cn,) + Io Dp + Ig Op + Is Op 

— 2poTezls — TeyIs) + qo(ezle = Tyz14 — DzIs) — roTeyl2 + Dyls — Iyels)| 

0(4) _ 1 a OLy OMy ON? 
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(4) _ 1 22 OL OMy ONT 
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~~ Po Loyle _ Dyls -~ IyzIs) _ go( Dele _ Igy Ig + Iz2Is5) _ 2ro(Lyzl2 7 Irs) 
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ey = sal [S6(pVeCe + Ce) + LSe(pVoCm + FComy) 

_ Oly OMy ONT 
I5Sb n n + Is88(pVeCn + ICny) +o SP + Ig ME 4 1, a 

Aq) __ 1 aLy aMry aNy 
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(D-75) 
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Oy 0 

a4 GS a) _ Wee - ppl habCes + I4Cm, + IsbCng) 

a4 GSb ie = mW, sey (labCe, + L4eCmy + IsbCn,) 

34) InbCe, + eC. T56C 6; = Fh ts, + t4COm,, + 45 ns, ) 

D.2.3 Yaw acceleration derivatives. — 

at?) 
Op 

GSC 
= = E ay, lsbCe + I5éCm, + IgbCn,) + Ig = + Is 

= 1 pe OLy OM ON = jal V9 30Cee + IséCm, + IebCn,) + Is Op + Is Dp + Ie Dp 

— 2po(lzels ~ Ixyle) + do(Ieela ~ Iyels ~ Dele) ~ rol layla + Dyls ~ Iyele)| 
OLT OMr ONT 

I, dq aq 18 aq 

+ Po(IrzI3 7 Iyzts _ D_I¢) + 2¢0(Lyz13 _ IzzIg) _ ro(Del3 - IgyTs + Irzla)| 

1 Sd OL OMy ONy 4 Ee (IsbCe, + Isr, + lobCn,) + Ig 922 4 1 OME 4 7, SNe 
— po(Inyls + DyIs _ IyzI6) _ go( Del _ Igy Ts + IzzI6) 

_ 2ro(Lyz13 _ Ieels)| 

det I | 

1 - [2258(pVeCe + GCu,) + Ise pVoCm + ICmy) 
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(D-90) 

(D-91) 

(D-92) 

(D-93) 

(D-94) 

(D-95) 

(D-96) 

(D-97) 

(D-98) 

(D-99) 

(D-100) 

(D-101) 

(D-102) 

(D-103) 

(D-104) 

(D-105) 
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Or) «gS 

Oa ~~ 2Vodet I 

Or) _ —-gSb 
dB 2Vodet I 

A(*) _ 48 
06;  detl 

(136C'e, + Is€Cm, + IgbCn, ) 

(IsbCe, + IstCm, + IebCr;) 

(136Ce,. + IséC mg, + IgbC ng, ) 

D.2.4 Decoupled roll acceleration derivatives.— 

ml
e 

et
e 

el
e 
a
 

o
e
 
3
 ast OL 

“OV Ce” t 7 — dyeyTo + Test) 

f[ ste OL 
. 3 at a + InzPo + 2Ly240 + To(Ly _ 1)| 

sh Oly 
| 2Vo sr Ce += Or — 4zryP0 + go(Ly ~ I,) ~ 2Iyer9 

OLy 
s b(pVoCe + GCn,) + aV al 

(1800, + St) 
Oa 

OLty 
b ~ (a88C, + SF) 

(D-106) 

(D-107) 

(D-108) 

(D-109) 

(D-110) 

(D-111) 

(D-112) 

(D-113) 

(D-114) 

(D-115) 

(D-116) 

(D-117) 

(D-118) 

(D-119) 

(D-120) 

(D-121) 

(D-122) 

(D-123)



D.2.5 Decoupled pitch acceleration derivatives.— 

aq) _ z [Cg 4+ — 2Iz2P0 — Iyz40 + To(Tz — I.) 

z (Geen + oe + IzyTo ~ Lt) 

r [Fon + aa + po(lz — Ir) + Ieyqo + 21.79 

z [$e oVoCm + my) + | 

i (452mg + oat) 

i (asm, + a) 

D.2.6 Decoupled yaw acceleration derivatives.— 

Oo “EL 

_ 1 Gre , oNe 
+ 2IeyPo + go( Ir _ Iy) + her 

20 =” Op 

z [Br Cn, + ae + pole — Ty) — 2Teyqo — Testo] 

z (Seo + oN — Izz40 + 100) 

7 [S000VCn + WCny) + | 

(D-124) 

(D-125) 

(D-126) 

(D-127) 

(D-128) 

(D-129) 

(D-130) 

(D-131) 

(D-132) 

(D-133) 

(D-134) 

(D-135) 

(D-136) 

(D-137) 

(D-138) 

(D-139) 

(D-140) 

(D-141) 

(D-142) 
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ar) _ (D-145) 

a) =0 (D-146) 

Oh ~ 9 (D-147) 

“Se = Fe (Zvien SE + Cm) (D-148) 
ae =o (D-149) 

‘ =o (D-150) 

- Cn, (D-151) 

= _ oe ne (D-153) 

D.2.7 Total vehicle acceleration derivatives.— 

av gSb . = omn cos Bo Crp, + sin Bo Cy,) (D-154) 

av qSé ; “ = Vom — cos Jo Cr, + sin Bo Cy,) (D-155) 

av Sb ; a) = aVom- cos J Cp, + sin Bo Cy,) (D-156) 

av) 1 _ ; - BV = m| 7 5608 G0 (eVoCn + FCd,) + Ssin Bo (pVoCy + GCy,) 

Ox . OZ . OY: 
+ cos ag cos Bg a + sin ag cos Bo ria + sin Bo | (D-157) 

av 1 ax ay) =~ | — gS‘ cos Bo Cp, + G5 sin Bo Cy, + cos ao cos Bo aa 

Y" 
+ sin a cos Bo oer + sin So at — X7 sin ao cos fo 

+ Zp cos ag cos By + mg(sin O sin &p cos Bo + C08 Op cos dy COs ag COS 6o)} (D-158)



av) 
OB 

1 i las(- cos Bo Cg + sin Bo Cp + sin Bo on + cos Bo oY) 
mM 

Ox: 
+ c08 00.008 Boa + si a0 608 Foe 5 T+ sin 6 Xt oP 

— Xp sin Bp cos ag — Zz sin ag sin Bo + Yz cos Bo 

+ mg(sin 9 cos ag sin Bo + cos 9 sin do cos Bo — cos Op cos go Sin ao sin 6o)} (D-159) 

g(cos 99 cos dg sin Bo — cos 9 sin $o sin ag cos fo) 

g(— cos Mo cos ao Cos Go — sin Go sin ¢o sin Go — sin Ao cos ¢o sin Ao Cos fo) 

0 

S| oso (3v8CD 2 + aCo,) + sino (AveCy 2 + acv,)| 
0 

0 

Hom — cos fo Cp,, + sin Bo Cy, ) 

i 450 (_ cos By Cp, + sin Bo Cy,) 

2 cos 39 CDs, + sin Bo Cy,, ) 

1 OXT OZ 
+ ~ (cos Qo cos Bg —— 56, in Ao SE = + sin Q cos Bo 5 FE) 

D.2.8 Angle-of-attack rate derivatives.— 

(a) qSb 
Op = ~2Vem cos Bo CLy — tan fp cos ao 

O(a) _ qse 

dq 2VemcosBy “4 +10 

O(a aSb 

~ Wm cos 3g Ch, — tan Bo sin ao 

4) = 
AT OZy OX? 

dV mVocos Bo { s(VoeCt + GCL) — cos ag oy t sin ag ay 

1 
+ GOL + Zp cosag — XT sin ag 

0 

+ mg(cos 69 cos dg cos ag + sin Og sin ao) 

(D-160) 

(D-161) 

(D-162) 

(D-163) 

(D-164) 

(D-165) 

(D-166) 

(D-167) 

(D-168) 

(D-169) 

(D-170) 

(D-171) 

(D-172) 
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O(a) 1 _ O27 . OXy . __ _ OeT xX Fa mVo cos Bo [asc COS Ao a + sin ao 3a + Zp sin ag + Xp cosag 

+ mg(cos 4 cos ¢o sin ao — sin 0 cos ao) 

+ tan Bo (po sin ao — To cos 20)| . (D-173) 

O(a) _ 1 {a OZT OX aa ~ inp cos Ao GSCL, — Cos ag OB + sin ao OB 

— tan Bo [-gSCL + Zr cosa — X7 sin ao 

+ mg(cos 69 cos $9 cos ag + sin Mp sin a0)]} 

- i D-174 
cos? Bo (Po COs Ag + To sin ag) ( ) 

(a) g ; __ 
D-175 Od Vo cos Ao cos & sin do cos a9 ( ) 

O(a) 9g . : = - 7] D-176 
30 Vocos Ba (sin 99 cos ¢g cos ag — cos O% sin ao) ( ) 

5 =0 (D-177) 
O(a) _ S lian OP, . ) ; 
Oh ~ mVo cos Bo (Svec dh t (Cts (D-178) 

ae) = 0 | (D-179) z 

8) = 0 (D-180) y 

O(a) _ qGSé 

Oa Vem cos Jo Cha (D-181) 
O(a) _ gGSb 
ap = ~ 2V2m cos By UA (D-182) 

O(a) _ 1 - OZp or) 
06; — mVocos Bo [-250., + £05 40 05, ~ Bin eo “5, (D-183) 

D.2.9 Angle-of-sideslip rate derivatives — 

(6 Gsb 
oe ~ amin Bo CD, + cos fio Cy,) + sin a (D-184) 

(6 GSé 
Oe = spi (sin Bo Cp, + cos Bo Cy,) (D-185) 0 

(6 GSb 6) = aap oin Bo Cp, + cos Bo Cy,) — cos ag (D-186) 
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(8) 
av 

(8) 
Oa 

(8) 
ap 

~ mVo 

1 . _ _ _ mVo [s sin Bo (pVo + GCp,,) + S cos Bo (pVoCy + GCy,) 

. xX: re) . . OZ: 
— ¢€08 ao sin Bo a + cos Go a7 sin ag sin Jo a 

1 , . _ mvz a5 (sin Bo Cp + cos Bo Cy) — Xq cos ag sin Go 

+ Yr cos Bo — Zr sin ag sin Bo] 

a . Ox OY: 
mVo [as'sin fo Cp, + cos Bo Cy, ) — cos ag sin Bo a + cos fp a 

. . OZT . ; . 
— sin ao sin By —— + Xpsin ag sin Bo — Zr cos ag sin Bo 

da 

— mg(sin sin ag sin Bo + cos A cos do cos ao sin 6o)| 

+ po cos ag + Tg Sin ao 

aE {qsisin Bo (Cp, — Cy) + cos Bo . + Cy,)| 

OZr 

dB 
— COS Qo sin fg —— — sin ao sin G9 —— 

XT 
ap cos fp OXF a 

— X7 cos ag Cos Bo — Yer sin Bp — Zr sin ag cos fo 

(D-187) 

(D-188) 

+ mg(sin 89 cos ag cos Bp — cos 9 sin Po sin Bp — cos 9p cos go sin ao cos #0) } (D-189) 

(cos 99 cos dp cos Bo + cos Op sin do Sin ao sin Bo) 
0 . 

J ( cos 9 cos Qo Sin Bo — sin Op sin $g cos Bo 
Vo 

+ sin 8 cos ¢o sin ao sin Bo) 

0 

Sf, 1 Op 1 op 
mVo [sin Bo (Sven 3 Dh + iC, ) + cos fio (Svécy $e Dh + Cv, )| 

0 

a APE (sin Bo Co, + ¢08 Bo Cy,,) 

gSb 
Wem sin Bo Co, + cos Bo Cy,) 

OY: 
[as(sin Bo CD,, + cos Bo Cy,,) — cos ag sin By OAT a 08 Bo ae = 

— sin Qg sin 2 | oo OG 

(D-190) 

(D-191) 

(D-192) 

(D-193) 

(D-194) 

(D-195) 

(D-196) 

(D-197) 

(D-198) 
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62 — 

D.2.10 Roll attitude rate derivatives — 

d(4) 
ep 
xe) = sin go tan 9 

a(¢) = CoS dg tan A 

or 
Og) _ 
av ~° 
Og) _ 
Ga ~° 
Od) _ 
ap = ° 
“o = qo cos pp tan 9 — 7 sin dp tan A 

ae) = qosin do sec? O + 79 cos do sec” Oo 

ad) _ 
ap 

ad) _ 
ah = 9 
Og) _ 
dx =0 

(9) 
Oy” 
a(¢) 
ba ° 
a9) 
a5. 
(db) _ 
06; 

(D-199) 

(D-200) 

(D-201) 

(D-202) 

(D-203) 

(D-204) 

(D-205) 

(D-206) 

(D-207) 

(D-208) 

(D-209) 

(D-210) 

(D-211) 

(D-212) 

(D-213) 

(D-214) 

(D-215) 

(D-216) 

(D-217)



qo =0 (D-218) 

) =0 (D-219) 

au = —go sin do — ro cos do (D-220) 

46) =0 (D-221) 

1 =0 (D-222) 

a6) 9 (D-223) 

oO) -9 (D-224) 

uu) _ (D-225) 

a) = 0 (D-226) 

ae ~ (D-227) 

a) _ (D-228) 

av) 0 (D-229) 

2) = cos 49sec (D-231) 
3) 0 (D-232) 

Ae) ~ 9 (D-233) 

a) =0 (D-234) 

a) = qo cos $y sec Oy — rosin do sec Ap (D-235) 

Ae) = qo sin Po sec Mp tan By + 79 cos go sec Op tan I (D-236) 

Ae) 0 (D-237) 
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cal 

a ~° 
y= 

Fe 79 

8 0 
18) 2 9 

D.2.13 Altitude rate derivatives.— 

= sin 99 cos Go cos ao — sin % cos 9 sin Bp — cos $0 cos 9 cos Bg sin ag 

4— = —Vo(cos fo sin ag sin 09 + cos Bo cos ag cos go cos 89) 

aq = —Vo(sin Bo cos ag sin Op + cos Go sin ¢o cos Og — sin Jo Sin aig cos $o cos Op) 

>= ~ = —Vo(sin Bo cos ¢o cos Ig — cos fig sin ag sin oo Cos Op) 

= Vo(cos fo cos ag cos 69 + sin Jo sin do sin 9 + cos Ao sin ag cos $o sin Op) 

(D-238) 

(D-239) 

(D-240) 

(D-241) 

(D-242) 

(D-243) 

(D-244) 

(D-245) 

(D-246) 

(D-247) 

(D-248) 

(D-249) 

(D-250) 

(D-251) 

(D-252) 

(D-253) 

(D-254) 

(D-255) 

(D-256) 

(D-257)



D.2.14 North acceleration derivatives.— 

cos Jo Cos A cos Op cos Ho + sin Bo (sin go sin A cos Wo — cos Go sin Yo) 

+ cos Jo sin ag (cos do sin Op cos Hq + sin Po sin Yo) 

Vo[ cos Bo cos a (cos go sin 89 cos Ho + sin do sin Wo) — cos Bo sin ap Cos Op cos wo] 

Vo[ cos Bo (sin do sin 9 cos wo — cos do sin yo) — sin Bo cos ag cos Bp cos ho 

— sin Bo sin ao (cos go sin A cos Ho + sin do sin Ho)] 

Vo[ sin Bo (cos go sin 49 cos Ho + sin $g sin Wo) 

+ cos Bo sin ao (cos go sin Ho — sin do sin Op cos Ho)] 

Vo( sin Go sin go cos 9 cos to — cos Bg COS ag Sin Op Cos Yo 

+ cos Jig sin ag cos do Cos Op cos Yo) 

Vo[ — cos Bo cos ag cos 8 sin Ho — sin Bo (sin do sin 9p sin Ho + cos go cos 0) 

— cos Bo sin ag (cos o sin Op sin Yo — sin do cos Wo)] 

(D-258) 

(D-259) 

(D-260) 

(D-261) 

(D-262) 

(D-263) 

(D-264) 

(D-265) 

(D-266) 

(D-267) 

(D-268) 

(D-269) 

(D-270) 

(D-271) 

(D-272) 

(D-273) 

(D-274) 

(D-275) 
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= cos 9 sin Yo cos Bo cos Ao + sin Bo (cos do cos Yo + sin go sin Ho sin Yo) 
OV 

+ cos Bo sin ag (cos dg sin 4 sin Hp — sin ¢o cos po) 

oa) = Vo[ cos Go cos ag (cos go Sin Oo sin Ho — sin go cos Yo) 

— cos Jo sin a Cos Mp sin wo] 

ee = Vo[ cos fo (cos go cos Wo + sin do sin 9 sin to) — sin Bp cos ao Cos Mp sin Wo 

— sin Bo sin ao (cos go sin % sin Yo — sin go cos o)] 

au = Vo[ sin Go (cos go sin 8 sin Wo — sin do cos Yo) 

— cos Jo sin ao (sin do sin A sin %o + cos go cos Ho)] 

aD) = Vo(sin- Gp sin $9 cos 99 sin wp — cos Bg cos ag sin Mp sin wo 

+ cos J sin ag cos do cos Gp sin Wo) 

7 = Vo|[ cos fo cos ap cos 9 cos Ho — sin Jo (cos go sin Yo — sin go sin Op cos yo) 

+ cos Bo sin ap (cos do sin 69 cos Ho + sin Po sin Yo)] 

ay) _ 
an 9 
AY) _ 
Ox 0 

Oy) _ 
Oy 0 

Oy) _ 
aa 7° 

ay) = 0 

op 
ay) _ 
a6, ~ ° 

D.3 Evaluation of the Derivatives of the Observation Variables 

(D-276) 

(D-277) 

(D-278) 

(D-279) 

(D-280) 

(D-281) 

(D-282) 

(D-283) 

(D-284) 

(D-285) 

(D-286) 

(D-287) 

The generalized derivatives of the observation variables are defined in appendix C, in equations (C-16) to 
(C-56). In this section, these generalized derivatives are evaluated in terms of the stability and control 
derivatives, primative terms, and the state, time derivative of state, and control variables. 

D.3.1 Longitudinal kinematic acceleration derivatives.— 

O(ay GSb . ae = Wacom cos ao Cp, + sin a0 CL,) 
A(az GSé : — = Wagon cos a9 Cp, + sin ao C,) 

r,) gSb : (ex) = Wacom COs Ag CEH, + sin ag CL) 
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(D-289) 

(D-290)



Mee) . = |- S cos a (eVoCD + GCp,) + S sin ao (PVoCL + GCL) + 
0 

2 1 
Mee) = a {asI- cos ag (Cp, — Cy) + sin ap (CL, + Cp)} + —— 

O(4z,k) 1 Oxy ap = Jom [25'(— cos ao Cog + sin ao CLz) + >> OB 

O(az.k) 0 

0¢ 
O(azk) _ Gg 70. qo cos 9 

Ob 

Mees) 1] (Asvace2 +4 Dh gom — COS Qo 5° ¥o Cpa, + GSCp, 

O(@z,k) _ 

Or 

O(az) _ 

Oy 0 

ee) = i (— cos ap Cp, + sin ao CL, ) 

“eee Tren (- cos do Crp, + sin ao CL,) 

O(az, 1 OX: cen = Jom las(- COS Qg Cos, + sin ao Che, y+ i 

D.3.2 Lateral kinematic acceleration derivatives — 

O( ay) _ q5b 

Op ———-2Vogom Yp 

O(ayx) _ qSC 

Oq  — 2Vogqm Yq 

A(dyk) _ Sb 
Or 7 2Vogom Yr 

6) . 
Se = (Sevice + a5cy, + 

O(dy,k) _ iil (a =) 
das ggm g5Cy, + Oa 

O(ay x) _ 1 _ =) 

dB ~ gom (ascv, + 9B 

wee = “00s 9 cos do 

“Cu = “= sin 89 sin op 
0 

O( ay) _ ie = 0 

| 

OYy 

OV wv) 

OXT 

Oa: 

) + sin 26 (5 ~SVECL=— 

a | 

Op 
Oh 

al 

OV 

+ 5Ct,)| 

(D-291) 

(D-292) 

(D-293) 

(D-294) 

(D-295) 

(D-296) 

(D-297) 

(D-298) 

(D-299) 

(D-300) 

(D-301) 

(D-302) 

(D-303) 

(D-304) 

(D-305) 

(D-306) 

(D-307) 

(D-308) 

(D-309) 

(D-310) 

(D-311) 
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Ody) 1 € an OP 

Oh ~ gom 2° Vo CY 5h oh 

O( dy) 

Ox 0 

O(ay,k) 
Oy 0 

O(ayx) qc 

0a 2Vogom @ 

O(dy,k) qSb 

Ts) 2Vogom 

+ SC) 

D.3.3 Z-body axis kinematic acceleration derivatives — 

asl - Gin a Ch, + 608 00 CL,) 

Mex) -_ sin ao Cp, + cos ao CL, ) 

ee ~~ gom S sin ao (pVoCp + GCp,) + S cos ao (pVoCL + GCL) - 

Mee ~ ela o0 (Cb, ~ Ci) + cos. a0 (CL, + Co)] + wm Fe 
“ean _ -- (sin a Cp, + cos a9 Chg) + = oh 

Oe = -* cos 8 sin do 

Aes) - = sin 0 cos dg 

ae =9 

“esu) - — = sin a (SsveCp se + SC, + COs a (Gsvecu ai 
OE = 0 

ae = 0 

“Ce _ Tr (sin a9 Cp, + cos a CL, ) 

“eo __ Tein ao Cp, + cos a9 CL) 

Ae: =-— 95(sin a9 Cr,, + c08 ao CL, ) - ] 

a2, 
OV 

+ iSCu)] 

(D-312) 

(D-313) 

(D-314) 

(D-315) 

(D-316) 

(D-317) 

(D-318) 

(D-319) 

(D-320) 

(D-321) 

(D-322) 

(D-323) 

(D-324) 

(D-325) 

(D-326) 

(D-327) 

(D-328) 

(D-329) 

(D-330) 

(D-331) 

(D-332)



D.3.4 x body axis accelerometer output derivatives.— 

Oar) _ qSb 
Op ~ 2Vogom 

(— cos ao Cp, + sin ao CL, ) 

(— cos ag Cp, + sin ao CL, ) 

BV; jam cos Qo Cp, + sin ao CL, ) 
0 

i 

Jom 

1 
P —— { a5[- cos 9 (Cp, ~ CL) + sin ao (CL, + Cb)] + =— 
om 

1) OX> 
jm —— |as(- cos a9 Cp, + sin ao Cus) + ap | 

1 1 1 
Jom | — COS Ag Gaia: oe + aSCp,) + sin Qo (Ssvieu sf 

aSé 
Wagon cos Ao Cp, + sin ao CL, ) 

gSb . 
DWogom cos a9 Cp, + sin ag CL;) 

1 OXT 
= jom G5(— cosa Cp,, + sin ao CLs, ) + 4 — 06; 

D.3.5 y body axis accelerometer output derivatives.— 

Oay) Sb 

Op — 2Vogom Ye 

Olay) _—-g@St__, 

Oq 7 QVogom ~*? 

Oay) Sb 

Or — 2Vogom Y 

(ay) _ _1 OYy ) = —— (Spvocy +50, + FF 
OV gom 

—|- S cos ag (pVoCpd + Coy) + S sin ao (PVoCL + GCLy) + = 

+ 1SC., | 

(D-333) 

(D-334) 

(D-335) 

(D-336) 

(D-337) 

(D-338) 

(D-339) 

(D-340) 

(D-341) 

(D-342) 

(D-343) 

(D-344) 

(D-345) 

(D-346) 

(D-347) 

(D-348) 

(D-349) 

(D-350) 

(D-351) 
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Ady) 1 (ascy n ae (D-352) da ~ gom oT 9 

ee = — (ascv, + 5A) (D-353) 

"He = 0 (D-354) 

“ta) = 0 (D-355) 

Oe = 0 (D-356) 

"HR = gm (35¥8Cr Gp + 950%) (>-50 
oa = 0 (D-358) 

ee = 0 (D-359) 

Ke = Tans (D-360) 

a = Tees (D-361) 

ee = — (ascv,, + <=) (D-362) 

D.3.6 z body axis accelerometer output derivatives — 
“ye _ -5 (sin a9 Cp, + cos ag CL,) (D-363) 

Mas) _ - (sin a9 Cr, + cos ao Ch.) (D-364) 

Ae) =- Tors (sin ao Cp, + cos a CL, ) (D-365) 

Aes) _ oe E sin a9 (pVoCp + GCp,,) + 5 cos ao (pVoCL + GCL) - at (D-366) 

Mee) _ -— {asisin ao (Cp, — CL) + cos ao (CL, + Cp)] - oe (D-367) 

Mac) _ -s. [7S (sin a9 Cog + cos ao C,,) - = (D-368) 

= 0 (D-369) 

i = 0 (D-370) 

i = 0 (D-371) 
Aas) _ a [sin ax (55vep 7b + 1SCp,) + cos.ag (S5vec, 7 + SC, )| (D-372)



= = 0 | (D-373) 
Oz 

ve =0 (D-374) 

Aas} = 5 (sin ap Cp, + cos ao CL;) (D-375) 

ae =— Teen (sin ag Cr, + cos a CL,) (D-376) 

ae = -— las (sin a9 Crp,, + cos a0 Chg, ) — | (D-377) 

D.3.7. Normal accelerometer output derivatives.— 

ae _ a (sin a9 Cp, + cos ao CL,) (D-378) 

— _ aE (sin ap Cp, + cos a9 CL,) (D-379) 

Hen) _ sie (sin ag Cp, + cos a9 CL, ) (D-380) 

*Gn) _ = [sin ao (SpVoCp + FSCp,) + cos ao (SpVoCi + FSCLy) — ra (D-381) 

oan) = a { a8{sin ao (Cp, — Ci) + cos a0 (CL, + Co)] - “oth (D-382) 

te: = _ |as'sin ao Cp, + cos ao CLg) — a (D-383) ° 

om =0 (D-384) 

Gn) = 0 (D-385) 

ee = 0 (D-386) 

Mea) = — [sin on (55v8C oe + 1SCp,) + cos a9 (55vcu ve + 75C1)| (D-387) 

Aen) =0 (D-388) 

ao) =0 (D-389) 

en) = (sin ao Cp, + cos ao CL,) (D-390 

a = 5 (sin ao Cp, + cos ao Ci,) (D-391: 

a _ — @5(sin ao Cog, + cos a0 CLs, )- oe (D-392) 
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D.3.8 Derivatives of x body axis accelerometer output not at the vehicle center 
of gravity.— 

Ody; GaSb . 1 ee = Wagon cos ag Cp, + sin ao CL,) + PAC + Tozx) (D-393) 

O(az; iba . 1 Se ) - Wagan cos a9 Cp, + sin ag CL,) + 99 (Poe — 2q02r) (D-394) 

Gs) = Fee (- cos ag Cp, + sin ag CL,) + ~(Pozs — 2ror,) (D-395) 

O(az,i it OX *(Ges) = om —— |- S'cos ag (pVoCp + FCdy) + S sin ao (pVoCL + GCL, ) + | (D-396) 

O(azj 1 Ox ess) — {ast- cosa (Op, ~ Ch) + sin ao (Ct, + Cp) + % Sc} (D-397) 
O(az,i) 1 OXy dB = Jom ie cos a9 Cp, + sin ag Cz) + ap a (D-398) 

0 Lt oe = 9 
(D-399) 

0 x,t Csi) = 
(D-400) 

0 zt ee) =0 (D-401) 
O(az,;) 1 Op . 1 Op Oe = Jom [- COS Qg (5 SVACD = Dh + 75Cp, ) + sin ag (Ssvgcr 36 Dh + SC, )| (D-402) 

0 Zt Cea) =0 
(D-403) 

O(Gz,4 a =0 
(D-404) 

0 ari “Gee = 0 (D-405) 
Oari) 2 
aq. qo (D-406) 

(ae) Ye ae = - 
(D-407) 

0 Lt GSE : ie, ) = Wagon cos a Cp, + sin ag CL, ) (D-408) 

re] Ay j GSb . a ) = Wacom cos ao Cp, + sin ag Cis) 
(D-409) 

O(az O(4z,i) a OXT 85, = jom —=(- G5'(— cos ag CDs, + sin ag CLs, 6, (D-410) 

D.3.9 Derivatives of y body axis accelerometer output not at vehicle center 
of gravity.— 

1 
= Cy, — 90 (Poy — Gory) (D-411)



D.3.10 Derivatives of z body axis accelerometer output not at vehicle center 

of gravity— 

O(azi) _ gGSb 

Op ——-2Vogom 
O(az) _ GSE 

Oq ~ ~ 2Vogom 

Olazi) _ gSb 

Or —- BVogom 

O(ay,i) GSE 1 
dq DVogom Cy, + a0 (poty + Tozy) 

O(ay,i) gGSb i _ 
ar DVogome + 70 (O79 2royy) 

O(ay; 1 _ OY: 
oo ) = Jom (spvocy + qSCy, + Sah 

Meus) 1 (ascy, 4 2) 
da gom (ascv. + Oa 

Hous) 1 (gc, 4 2) 
98 = gom \P%s + “9p 

O(ay,i) 
a6 

O(ay,i) _ 

a. 
O(ay,i) _ 

ap 9 
O(a, ; 1 1 0 _ 

Dee Gam (58VR CY 5p + 48Cys) 
O(ay i) 

Oz 0 

O(ay i) 

Oy 0 

O(ay,i) yy 

Op Jo 

O(ayi) _ 
ag 

O(ay,i) _ ty 
Or Jo 

O(ay,i) GSé 

0a 2Vogom °° 

O(dy,i) qb _, 
dB 2Vogom~*6 

O(ay,i _ OY: 
Se 2 = (ascv, + i) 

. 1 
(sin a9 Cp, + cos ag CL,) — Pa — Totz) 

. 1 
(sin ag Cp, + cos ag CL,) - 900 — ToYz) 

. 1 
(sin a9 Cp, + cos ag CL,.) + go PO"? + goyz) 

0 

(D-412) 

(D-413) 

(D-414) 

(D-415) 

(D-416) 

(D-417) 

(D-418) 

(D-419) 

(D-420) 

(D-421) 

(D-422) 

(D-423) 

(D-424) 

(D-425) 

(D-426) 
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D.3.11 
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Oa 

OLZy 

Op 
ah 

OZr 

OV 

+ SC] 

OLy 

OV w 

Ges) = -— [s sin a (pVoCp + GCp,,) + S cos ao (pVoCL + GCL, ) - om 

ee) -— {as[sin ao (Cp, — CL) + cos ag (CL, + Cp)] - 

O(a, ; 1 fo. OZ o ) = tom [7S'sin ao Cp, + cos ag Cig) — a 

O(az;) 
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a6 ° 
O(az,i) 
Oy 

O(a,; 1 . 1 Op Se ) ~Fom [sin Qo ($5veCp Dh + iSCo,) + COs Ao (5 =SV¢ CL = 

O(az,i) 
Ox 

0(az,:) 

dy 
O(az,i) Yz 

op Jo 

(ass) _ te 
og Jo 

O(az,i) _ 
ae = 9 

Ge) it (sin a9 Cp, + cos ag CL) 

0 Zt qSb : i ) Wacom (sin ao Cp, + COS Qo Ci,) 

O(az,) 1 [_.. OZy D6; ~ Jom [25'(sin Qo CDs, + cos ao CLs.) — FE 

Derivatives of normal accelerometer output not at vehicle center 
of gravity.— 

O(an; aSb . 1 a ) = Wage in ag Cp, + cos ag Ch.) + 90 (PO — Tot z) 

Olan; GSE oe ) _ Weoom (sin ao Cp, + cos ag CL,) +e ~ (24022 — ToYz) 

O(an3 aSb 
on ) = Ween (sin ao Cp, + cos ag CL,.) — 1 ue + qoyz) 

O(anj 1 
(or ) = Jom Is sin ao (pVoCp + GCp,,) + S cos ag (PVoCL + GCL,,) - 

O(an; 1 
<a ) = Jom = {aS{sin ao (Cp, — CL) + cos a (CL, + Cp)] — 

Oa Fa} 

wv (D-432) 

(D-433) 

(D-434) 

(D-435) 

(D-436) 

(D-437) 

(D-438) 

(D-439) 

(D-440) 

(D-441) 

(D-442) 

(D-443) 

(D-444) 

(D-445) 

(D-446) 

(D-447) 

(D-448) 

(D-449) 

~» (D-450) 

(D-451)



) n,t 1 _ . 
OZ: 

= ) Jom [7s (sin ao Cr, + C08 Ap CL) — a 

O(an,i) _ “ae = 0 

O(ani) _ 

a9. 
O(an, i) 
nt = 9 

Oy 
O(ani) _ 1 . (5 2 op _ ) (3 ; 

dh gom [sin ao 5° Vo Cp Dh + @SCp, } + cos ao 55Vo CL 

O(an,i) _ 

dz 0 
O(an,i) _ 

Oy 0 

O(an,i) _ _Yz 

Op 9o 

O(an,i) _ Lz 

Og ~ Jo 
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ar 

Aen) = — (sin ao Cb, + COS Xp Che) 

7) nt qSb . a ) = Wego *in ao CD, + Cos ao Ci) 

O(n 49s} OZ on ) = jm [75 (sin ao CDs, + cos ao CL, ) _ ai 

D.3.12 Load factor derivatives.— 

O(n) _ _G5b_, 
ap  2Vogm '” 

An) _ _gSet_, 
dg 2Vogm “4 
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(D-461) 

(D-462) 

(D-463) 

(D-464) 

(D-465) 

(D-466) 

(D-467) 

(D-468) 

(D-469) 
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(D-471) 
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D.3.13 Speed of sound derivatives — 

Op 
oh + SC.) 

OT 

op ~° 
O(n) — 1 fla 
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O(n) _ 
Ox 

O(n) _ 
dy 0 

O(n) gSe 
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dp 0 
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Oq y 
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Ga 9 
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ap 9 
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dx 

O(a) 
Oy y 

O(a) 
da? 
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Op 

(D-473) 

(D-474) 

(D-475) 

(D-476) 

(D-477) 

(D-478) 

(D-479) 

(D-480) 

(D-481) 

(D-482) 

(D-483) 

(D-484) 

(D-485) 

(D-486) 
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(D-490) 

(D-491) 

(D-492) 

(D-493)



D.3.14 

D.3.15 

Oa 
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O(M) 

O¢ 
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00 
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Oh 

0(M) 

Ox 
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Oy 

O(M) 

Oa 

O(M) 
op 

a(M) 
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Mach number derivatives. 

0.7po 

a? 

Reynolds number derivatives — 

O(Re) _ 
“ap 7° 
O(Re) 

oq 0 
O(Re) 

“or ~° 

OT 

poTo(1.4 po/poTo)1/? Oh 

(D-494) 

(D-495) 

(D-496) 

(D-497) 

(D-498) 

(D-499) 

(D-500) 

(D-501) 

(D-502) 

(D-503) 

(D-504) 

(D-505) 

(D-506) 

(D-507) 

(D-508) 

(D-509) 
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(D-511) 
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(D-513) 

(D-514) 

(D-515) 

(D-516) 

(D-517) 

(D-518) 

(D-519) 

(D-520) 

(D-521) 

(D-522) 

(D-523) 

(D-524) 

(D-525) 

(D-526) 

(D-527) 

(D-528) 

(D-529) 

(D-530) 

(D-531) 

(D-532) 

(D-533)



O(Re’) _ Vo 9p _ pVo Op (D-534) dh ~ pw Oh pe Oh 

Re) =0 (D-535) 
aoe =0 (D-536) 

oe) =0 (D-537) 

A(Re!) _ 9 (D-538) 
0B 
a -0 (D-539) 

D.3.17 Dynamic pressure derivatives. — 

oo = 0 (D-540) 

oe =0 (D-541) 

ty =0 (D-542) 

ao = pVo (D-543) 

aD 0 (D-544) 

a 0 (D-545) 

0 (D-546) 

ao =0 (D-547) 

oo =0 (D-548) 

oa) = Mi se (D-549) 

ey = 0 (D-550) 

a =0 (D-551) 

a = 0 (D-552) 

se =0 (D-553) 

we 0 (D-554) 
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D.3.18 Impact pressure derivatives.— 

p= 0 
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Ov 

Bae) 9 
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op 
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(D-561) 

(D-562) 

(D-563) 

(D-564) 

(D-565) 

(D-566) 

(D-567) 
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(D-569)



D.3.19 Mach meter calibration ratio derivatives. 
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Op 

O(dc/Pa) = 0 
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— LffoM(1.0 + 0.2M?)?5 92 (M < 1.0) 

8(dc/Pa) -3/ ( 5.76M2 y 
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Ox 
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Oy 
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da” 
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ag 
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(D-570) 

(D-571) 

(D-572) 

(D-573) 

(D-574) 

(D-575) 

(D-576) 

(D-577) 

(D-578) 

(D-579) 

(D-580) 

(D-581) 

(D-582) 

(D-583) 

(D-584) 
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D.3.20 Total temperature derivatives.— 

am) 6 
(D-585) 

an) _ 
(D-586) 

a) _ 
(D-587) 

1) _ 0-4 7M (D-588) 

a =0 (D-589) 
an) _ 

(D-590) 

ae ~ {10 +0.2M~ ° a Feces ual or (D-591) 
oh) = 0 (D-592) 
an) _ 

(D-593) 

a) =0 (D-594) 
= 9 (D-595) 

— = 0 (D-596) 

D.3.21  Flightpath angle derivatives — 

a -0 (D-597) 

oo = 0 (D-598) 

29) =0 (D-599) 

ra ~ a CAME (D-600) 

at) =0 (D-601) 
"ye -9 (D-602) 

ne =9 (D-603) 

7) _ 9 (D-604)



7) 2 (D-605) 

ay) =0 (D-606) 

oo) = 0 (D-607) 

a =0 (D-608) 

oo) = 9 (D-609) 

oP =0 | (D-610) 

— = AT a (D-611) 

ae =0 (D-612) 

D.3.22 Flightpath acceleration derivatives.— 

(D-613) 

(D-614) 

(D-615) 

(D-616) 

(D-617) 

(D-618) 

(D-619) 

(D-620) 

(D-621) 

(D-622) 

(D-623) 

(D-624) 

(D-625) 
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O(fpa) _ 4 (D-626) 

Ofpa) _ (D-627) 

O(ipa) = 0 (D-628) 

ath gsb ; a Wego [sin 69(— cos ag Cp, + sin ao CL.) 

— sin go cos 6 Cy, + cos do cos Op (sin ag Cp, + COs ao CL,)] (D-629) 

ce Feeelsin 99 (— cos ag Cp, + sin ao C,) — sin do cos 9 Cy, 
090 

+ cos Gg Cos Op (sin ag Cp, + cos ao C1,)] (D-630) 

“ se [sin 0 (— cosap Cp, + sin ag C,.) ~ sin do cos 0p Cy, 
090 

+ cos do cos Ao (sin ap Cp, + cos ag CL, | (D-631) 
a(h) {sin [-s (pVoCp + aC Ss VoCL + GCu,) + OX? 

ach) 

— sin do cos A (Spvecy + G@SCy, + a) OV 

+ cos dg cos I E sin Qo (pVoC/p + GCp,) 

OZ + S cos ao (pVoCL + GCL, ) — a \ (D-632) 

1 . _ _ae OX peal sin 09 [-2s cos a (Cp, — CL) + G5'sin ag (CL, + Cp) + ia 

— sin dg cos 89 (ascv, + o) 
Oa 

+ cos go cos Ip las sin Qo (Cp, — CL) + GS cos ag (CL, + Cp) — 5 i (D-633) 

1 , _ a: OXT . _ OYr om [sin 60 (-7s cos ao Cp, + GS sin ao Cus + aH) — sin do cos Ap (ascv, + aR) 

Z + cos go cos 8 (as sin a9 Cp, + GS cos ag Cig + | (D-634) 

— Ay, COS Go COS Ay + a,4 SiN Pp Cos Oo (D-635) 
| 

Az COS Ay + dy, Sin Oo sin do + Az, COS gg sin Io (D-636) 

= 0 
(D-637)



Oh) 1s, loan OP , _ inao (SVC. 2 + a8C..)) mn — = { sin 6 |- COS Ag (55v8Cp ar + 4Cps) + sin ao 55% Ch Dh + qSCi, 

1 
— sin ¢g cos 6p (ssvacy of Op ah + aSCy, ) 

+ cos $9 cos Ap [sin Qo (5 =SV¢Cp ce + 15Cp,) 

+ COs Ag (5sv3 CL = Op + SC, )| \ (D-638) 
2 oh 

si = 0 
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z 
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7] 

ae = lst 9 (— cos ag Cp, + sin ao CL.) — sin do c08 9 Cy, 
09o 

+ cos ¢o cos 9 (sin a9 Cp, + cosa CL, )] (D-641) 

= esa 90 (— cos ao Cp, + sin ao CL,) — sin do cos Ap Cy, 
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+ cos do cos 09 [75(sin Qo Cos, + COs Qo CLs, ) - =| \ (D-643) 

D.3.24 Specific energy derivatives — 
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oe =0 (D-645) 

oe) =0 (D-646) 
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ee =0 (D-648) 

ae =0 (D-649) 

a = 0 (D-650) 

fs) =0 | (D-651) 

AS = 0 (D-652) 
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D.3.25 Specific power derivatives.— 
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(D-656) 
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(D-658) 

(D-659) 
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(D-661) 
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D.3.26 Normal force derivatives.— 
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ON) GSE 
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(D-676) 

(D-677) 
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(D-679) 
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(D-688) 

(D-689) 
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By = Sl-sinao (pVoCL + FCiy) + c08 a0 (eVeCD + FCdy)] (D-694) 

“4 = 95(—sinap CL, + cos ao Cp, — cos ag Cy — sin ag Cp) (D-695) 

“S = GS(—sin ao C.., + 08.00 Cog) (D-696) 
a4) 9 (D-697) 

a) -o (D-698) 

ae =9 (D-699) 
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oe = 0 (D-702) 

a4) = e- sin ap CL, + cos ag Crp, ) (D-703) 
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“A = (D-706) 
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a) = —Vosin a cos Bo (D-710) 

we = —Vocos ag sin So (D-711) 

a = 0 (D-712) 

4) -9 (D-713) 

Au) _ 4 (D-714)
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D.3.29 y body axis rate derivatives — 
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(D-716) 

(D-717) 
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(D-721) 
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D.3.30 z body axis rate derivatives.— 
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oh = 0 
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(D-736) 

(D-737) 

(D-738) 

(D-739) 

(D-740) 

(D-741) 

(D-742) 

(D-743) 

(D-744) 
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(D-746) 

(D-747) 

(D-748) 

(D-749) 

(D-750) 
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. Ox 
O(%) = ~ lzs(- cos ag Cp, + sinag CL, + sin ao Cp + cos ap CL) + <2 
da 
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a = 0 (D-757) 
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a) =0 (D-761) 
x 
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¥y 
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O(t i Ox 
ne — g5(— cos ao Cp,, + sin a0 CL,,) + | (D-765) 

D.3.32 y body axis acceleration derivatives.— 

sa = Cy, + Vosin ao cos Bo (D-766) 

O(o GSt ‘ = Mom Cy, (D-767) 

x) = a Cy, — Vo cos ag cos Bo (D-768) 
0 

a(t OYy 
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Ao) 1 . . . 
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a = gcos 8 cos do (D-772) 

“ = —gsin 8% sin do (D-773) 

~ =0 (D-774) 
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D.3.33 
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